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Abstract. We consider the two dimensional parabolic-elliptic Patlak-Keller- 
Segel model of chemotactic aggregation for radially symmetric initial data. We 
show the existence of a stable mechanism of singularity formation and obtain a 
complete description of the associated aggregation process. 



1. Introduction 

1.1. Setting of the problem. We consider the two dimensional Patlak-Keller- 
Segel problem: 

d t u = V ■ {Vu + uV^ u ), 

<t>u = ^og\x\ *u (t, x) e R X M 2 , (1.1) 

u\ t=0 = u >0 

This degenerate nonlocal diffusion equation is a canonical limit of kinetic models 
of particles evolving through a nonlocal attractive force, and is one of the model 
which arises in the description of colonies of bacteria, |15j . |31j . This system has 
attracted a considerable attention for the past twenty years in the mathematical 
community, in particular in connection with the local regularity of weak solutions, 
the qualitative behavior of solutions and the possibility of finite time blow up for 
large enough data corresponding to the aggregation of bacteria. We refer to [1] for 
an extensive introduction to the literature on these subjects. Our point of view 
in this paper is to replace the problem within the sets of critical blow up problems 
which for both parabolic and dispersive problems have also attracted a considerable 
attention for the past ten years. 

The existence of unique local smooth solutions in some suitable Sobolev sense can 
be obtained from standard fixed point arguments as in |30j . The corresponding non 
negative strong solution satisfies the conservation of mass 



u(t,x)dx= / u(0, x)dx (1.2) 
Jr 2 

and the flow dissipates the logarithmically degenerate entropy: 

F{u) = J iilogu + i J u4> u < T(u ). (1.3) 

The scaling symmetry 

u\(t,x) = X 2 u(X 2 t, Xx) 
leaves the L 1 norm unchanged 

u\(t,x)dx= / u(X 2 t,x)dx 



and hence the problem is L 1 critical. Note from (|1.3p that the problem is also almost 
energy critical and therefore particularly degenerate. 

l 
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1.2. Previous results. A fundamental role is played for the analysis by the explicit 
ground state stationary solution 

From [1] , [9] , Q is up to symmetry the unique minimizer of the logarithmic Hardy- 
Littlewood-Sobolev inequality: Vu > with J u = M, 

J ulogu + ^ J</> u u> M [1 + log^ - logAf] . (1.5) 

For smooth well localized data with small mass j uq < j Q, the flow is global 
and zero is the universal local attractor, see |11| . [6], |32) . and in this sense Q is the 
first nonlinear object. For data above the ground state f uq > j Q, the virial type 
identity 

— [ \x\ 2 u(t, x)dx - , , 

V JQ, 

implies that all smooth well localized data blow up in finite time. Note however 
that as usual, this argument is very unstable by perturbation of the equation, and 
provides almost no insight into the structure of the singularity formation. 
Substantial progress have been made in the critical case J u = J Q. In [5j, finite 
variance initial data f |x| 2 tio < +oo with minimal mass are shown to grow up 
in infinite time. The argument is again by contradiction and does not give the 
associated blow up rate. More dynamical results for domains are obtained in |14| . In 
[1], it is shown that infinite variance initial data J \x\ 2 Uo = +oo exhibit a completely 
different behavior and generate a global flow asymptotically attracted by the soliton 
(|l,4p . see also [8] for quantitative convergence rates. The proof involves the use of 
an additional Lyapounov functional at the minimal mass level, and the importation 
of tools from optimal transportation thanks to the gradient flow structure of the 
problem. 

All the above subcritical mass results heavily rely on the fact that for J uq < f Q, the 
dissipated entropy (|1.3|) coupled with the variational characterization of Q through 
the logarithmic HLS (|1.5|) imply a priori uniform bounds on the solution. This 
structure is completely lost for j uq > j Q, and the description of the flow for mass 
super critical data is very poorly understood. In the pioneering work [13J, Herrero 
and Velasquez use formal matching asymptotics, the radial reduction of the problem 
and ODE techniques to produce the first example of blow up solution. 

1.3. Connection with critical problems. The L 1 critical structure of the (PKS) 
system is canonical from the point of view of critical problems, and a number of 
examples extracted both from the parabolic and dispersive worlds have recently 
attracted a considerable attention and led to a new approach for the construction of 
blow up solutions. Examples of such critical flows are the mass critical Non Linear 
Schrodinger equations of nonlinear optics 

(NLS) { *dtu+_Au + u\u\* = 0, ^ x)eRxR 2^ u £ c (L6) 

[ U\ t= o — Uq, 

the geometric energy critical parabolic heat flow to the 2-sphere of crystal physics 

f ft« = A« + |Vtl|V (t )eRxR 2 ue8 2 
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and its dispersive Schrodinger map analogue in ferromagnetism: 

- uA*« = A«+|Vti| a u, )eRxR 2 
u\ t=0 = u , 

For all these problems, a robust approach for the construction of blow up solutions 
and the study of their possible stability has been developed in the past ten years, 
see [23], [S], [25], [26], [27] for the mass critical NLS, [33], [28] for the wave and 
Schrodinger maps, and |34) for the harmonic heat flow. The strategy proceeds in 
two steps: the construction of suitable approximate solutions through the derivation 
of the leading order ODE's driving the trajectory of the solution on the modulated 
manifold of ground states; the control of the exact flow near these approximate pro- 
files through the derivation of suitable Lyapounov functionals and a robust energy 
method. The first step avoids the common use of matching asymptotics which is 
most of the time delicate both to implement and to make rigorous, see for exam- 
ple |16] for (NLS), [2j for the heat flow, |10| for (PKS). The second step is a pure 
energy method which therefore applies both to dispersive problems and parabolic 
systems, and makes in this last case no use of the maximum principle commonly 
used for scalar parabolic problems. The sharp knowledge of the spectral structure 
of the linearized operator, which is typically a delicate problem for (PKS), see [10], 
is replaced by canonical spectral gap estimates as initiated in |35| . |33| . 



1.4. Statement of the result. Our main claim in this paper is that despite the 
nonlocal structure of the problem and in particular of the linearized operator close 
to Q, and the almost energy critical degeneracy of the proble the above route 
map can be implemented for (PKS). We address the radial case only for the sake of 
simplicity, but the full non radial problem can be analyzed in principle along similar 
lines. 

In order to make our statement precise, let us consider the following function spaces. 
Let the weighted L 2 space 



£ r 2 



and the weighted H 2 space: 



\ e \\h 2 



I Ad 



+ 



Q 
Ve 



1 + \x\ 



+ lldlx 2 - 



We introduce the energy norm 



\ £ \\s 



\ £ \\h% + INIl 1 



(1.7) 



fl.8) 



The main result of this paper is the complete description of a stable chemotactic 
blow up with radial data arbitrarily close to the ground state in the L 1 critical 
topology. 

Theorem 1.1 (Stable chemotactic blow up). There exists a set of initial data of 
the form 

uo = Q + e e£, u >0, \\eo\\g -C 1 
such that the corresponding solution u 6 C([0,T),£) to (jl.ip satisfies the following: 
(i) Small super critical mass: 

87r < / u < 8tt + a* 



^which is reflected by the weakness of the a priori information (|1.3|) for mass super critical 
initial data. 



1 



P. RAPHAEL AND R. SCHWEYER 



for some < a* <C 1 which can be chosen arbitrarily small; 

(ii) Blow up : the solution blows up in finite time < T < +oo; 

(iii) Universality of the blow up bubble: the solution admits for all times t £ [0, T) 
a decomposition 

u{t,x) = -rirrriQ + e) (t 



AW ' V'A(t), 
with 

\\e{t)\\ H 2 ^0 as t->T (1.10) 

Q 

and the universal blow up speed: 



as t-+T. (1.11) 



(iv) Stability: the above blow up dynamics is stable by small perturbation of the data 
in £: 

> 0, \\v - "oils < e(«o)- 

Comments on the result 



1. On the stability statement: Formal arguments to prove the stability of chemo- 
tactic blow up are presented in |36j , and in fact Theorem 11,11 answers one of the 
problems mentioned in |37| . It is likely that there are many other blow regimes, 
possibly stable or unstable depending on the tail of the initial data, as is expected 
for the heat flow [2], see also |12| . or known for the super critical heat equation 
[29], see also [3] for a further illustration of the role of the topology for the long 
time dynamics. Note that a complete description of the flow near the ground state 
is obtained for the first time for a critical problem in [20] . |21| . [22] for the criti- 
cal (KdV) problem, and this includes pathological blow up rates depending on the 
structure of the data. In this sense, Theorem 11.11 is a first step toward the descrip- 
tion of the flow near Q which even in the radial setting is still a challenging problem. 

2. On the non locality: It is known that in the radial setting, the nonlocal (PKS) 
can be turned to a nonlinear local problem for the partial mass, see for example [13J. 
We shall not use this structure at all, and therefore our approach can in principle 
be extended to the non radial setting. The non locality of the chemotactic problem 
induces a nonlinear linearized operator C close to Q, which due to the slow decay 
of the soliton makes the use of spectral techniques delicate, see [10] for an attempt 
in this direction. Moreover, and this is for example a major difference with the 
mass critical (NLS) (|1.6p . the entropy control (|l,3p is very weak and yields almost 
no information on the flow near Q. However, following the approach in [33], simple 
spectral gap estimates can be obtained on C and its iterates as a consequence of 
the variational characterization of Q which lead to the control of derivatives of u 
in suitable weighted L 2 norms. In other words, for the linearized flow close to Q, 
we control the solution through the control of the natural linearized entropy in- 
volving the derivatives of u, and the associated dissipated quantities. The control 
of derivatives yields through Hardy inequalities the local control of the solution on 
the soliton core which is the heart of the control of the speed of concentration. We 
also obtain sharp convergence rates of the solution towards the solitary wave after 
renormalization. 



Our proof provides a robust approach to the construction of blow up regimes in 
the presence of a nonlocal nonlinearity, and is a first step towards the understanding 
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of the flow near the soliton. It also provides a new insight to attack more com- 
plicated chemotactic coupling, in particular the parabolic-parabolic Patlak-Keller- 
Segel problem for which blow up in the critical setting is open. 
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Notations. For a given function u, we note its Poisson field 

<t>u = —log\x\ *U. 

We note the real L 2 scalar product 

(f,9) = / f{x)g{x)dx. 



Given a vector y £ M 2 , we will systematically note r = \y\ = \Jy\ + y\- We will 
generically note 

5(z*) = o(l) as z* -> 0. 
We let x ^ C£°(R 2 ) be a radially symmetric cut off function with 

, . / 1 for |x| < 1, , . 

= { for |x| > 2 ' X ^ * °- 

We introduce the differential operator 

A/ = 2/ + yV/ = V-(y/). 

Given / £ L 2 , we introduce its decomposition into radial and non radial part: 

/( ° (r) = 2^ r f ^ de ' = w - f{ ° ] ^- ^ 

Observe that 

(A/)(°) = (rd r f)W = rd r fW = A/(°). 

Given b > 0, we let 

1 \logb[ 
Bo--^, B 1 -- /f . (1.13) 

Give two linear operators (A, B), we note their commutator: 

[A, B} = AB- BA. 

1.5. Strategy of the proof. We briefly explain the main steps of the proof of 
Theorem 11.11 which follows the approach developed in [33j , [28] , [M] . 

Step 1: Construction of approximate blow up profiles. Let us renormalize the 
(PKS) flow by considering 

1 , . ds 1 x 

^' x) = A^) u(s ' y) ' Tt=Y^ y= x 



which leads to the renormalized flow 

d s v + bAv = V • (Vv + vV(f> v ), b 



As 
A 
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We look for a slowly modulated approximate solution of the form 

v(s,y) = Q b{s) (y), Q b (y) = Q(y) + VT x {v) + b 2 T 2 (y) 

and where the law b s = F(b) = Oib 2 ) is an unknown of the problem. The construc- 
tion of T\ , T2 amounts solving stationary in s elliptic problems of the form 

£>Tj = Fj(Tj_i) (1.14) 

where we introduced the linearized operator close the soliton: 

He = v • (QVMe) = Ae + 2Qe + V<p Q ■ Ve + VQ ■ V<p e . (1.15) 

This operator displays explicit resonance^! induced by the symmetry group of 
(PKS). In the radial setting, the solution to (j!.14|) is almost explicit, and the slow 
decay of Q at +00 induces slowly decaying function Tj with explicit tails at +00. 
In particular, 

T\{r) ~ — as r — > +00 
and to leading order in terms of tails at +00, the T2 equation looks like 

CT 2 = -b s T x - 6 2 ATi + lot. 
We now observe the cancellation 

AT% ~ — r as r — > +00 

r 4 

and hence the choice b s = yields the most decreasing right hand side. In fact, a 
more careful analysis leads to the logarithmically degenerate law: 

2b 2 



|log6| ' 

see the proof of Proposition 13. 11 We refer to |33j . |28] for a further discussion on the 
derivation of these logarithmic gains. The outcome is the derivation of the leading 
order dynamical system 

= _t b - _ 26* (1-16) 

which after reintegration in time implies that A touches zero in finite time T < +00, 
this is blow up, with the asymptotics (jl.lip . 

Step 2: Energy bounds. We know consider an initial data of the form 

^0 = Qb + £0 with ||£ || < bl° 

in some suitable topology. We claim that we can bootstrap the existence of a 
decomposition 

<t,x) = ^(Q b[t) +e)(t,-^-) with \\e(t)\\ < (b(t)) 10 

with (A(i),6(t)) satisfying to leading order the ODE's (|1.16|) . Roughly speaking, 
the equation driving s is of the form 

d s e = Ce- bAe + ^ b + Mod + N(e) 

where ^i, = 0(b 3 ) is the error in the construction of Q b , Mod is the forcing term 
induced by the modulation parameters 

Mod = (^ + b)AQ b -b s ^, 



2 i.e. slowly decaying zeroes. 
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and N(e) denotes the lower order nonlinear term. In order to treat the bA correction 
to the linearized term which cannot be treated perturbatively in blow up regimes, we 
reformulate the problem in terms of the original variables 

u(t.x) = ^e{t, j) 

which satisfies 

8 t u = C x u + ^ [tt 6 + Mod + N(e)] (t, j). (1.17) 

We now control u using an energy method on its derivatives as in |33j. Let M. 
be the linearized entropy close to Q, see (|2.ip . One can show using the explicit 
knowledge of the resonances of C, which itself essentially follows from the variational 
characterization of Q, that modulo suitable orthogonality conditions which remove 
the zero modes and correspond to the dynamical adjustment of (b(t), X(t)), the 
generalized linearized HLS energy is coercive on suitable derivatives: 



I A £ \2 

(M£e,£s) > \\£ef L% > J LJ- + / |e| 2 ~ IMI// , 



|2 v, / , / U |2 n_||2 

72 



Applying this to u, we are led to consider the natural higher order entropy for (|1.17p : 

^ (Ai\£\u, £\u) 

where M\,£\ correspond to the linearization close to the singular bubble t?Q(t)- 
Two difficulties occur. First one needs to treat the local terms on the soliton core 
induced by the time dependance A(i) of the renormalized operator M\, £\, and here 
the dissipated terms together with the sharp control of tails at infinity play a crucial 
role. An additional problem occurs due to the pointwise control of Mod terms which 
is not good enough in our regime^, and requires some further integration by parts 
in time, see Lemma [5.51 

The energy method leads roughly to a pointwise bound 

±(M x £ x u,£ x u)< ' b ' 



dt v A A ' A '~ A6|log6| 2 
which after rescaling leads in the regime (|l,16p to the pointwise bound: 

lldl 2 < ^ 
11 11h q ^ |log6| 2 ' 

It turns out that this estimate is sharply good enough to close the ODE for b and 
show that the e radiation does not perturb the leading order system f 1 1 . 1 6 [) , and this 
concludes the proof of Theorem 11.11 



This work is organized as follows. In section El we prove spectral gap estimates 
for the nonlocal linearized operator close to Q in the continuation of [33]. In section 
[3l we build the family of approximate self similar profiles which contains the main 
qualitative informations on the singularity formation, and adapts in the non local 
setting the strategy developed in [33], [28], [34] , In section 21 we start the analy- 
sis of the full solution and explicitly display the set of initial data leading to the 
conclusions of Theorem 11.11 and the bootstrap argument to control the radiation. 
In section [5] we exhibit the Hq monotonicity formula which is the heart of our 
analysis. In section[6l we collect the estimates of sections @J to close the bootstrap 
and complete the description of the singularity formation. 



n 

This is a technical unpleasant problem which directly relates to the slow decay of Q at infinity. 
Similar issues already occurred in related settings, see for example |19| . 
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2. Spectral gap estimates 

This section is devoted to the derivation of spectral gap estimates for the lin- 
earized operator close to Q given by (|l,15p . The radial assumption is useless here 
and we address directly the general case. These energy bounds are at the heart of 
the control of the radiation correction for flows evolving close to the approximate 
Qb blow up profiles. We derive two type of estimates: energy estimates which are 
mostly a consequence of the linearization close to Q of the sharp log Sobolev esti- 
matqj and higher order iterated estimates which rely on the explicit knowledge of 
the kernel of C and suitable repulsivity properties at infinity. 

2.1. Energy bounds. We start with the study of the linearized log Sobolev energy 
on the weighted L 2 space (|1.7p . 

Lemma 2.1 (Structure of the linearized energy). The operator 

u 

Mu = - + 4> u (2.1) 
is a continuous self adjoint operator M. : Lq — > (Lq)* ie: 



Q\Mu\' < \\u\\^, (2.2) 

Q, 



\/(u,v) G L 2 Q x L 2 Q , (Mu,v) = (u,Mv). (2.3) 



Moreover, there holds: 

(i) Algebraic identities: 

M(AQ) = -2, M(diQ) = 0, i = 1, 2. (2.4) 

(ii) Generalized kernel: Let (u,(p) G C°°(M?) satisfy 

= 




J (l+r*)(l + |logrH < + °°' (2 ' 5) 



then 

u G Span{kQ, diQ, d 2 Q), 4> = K- (2-6) 

Remark 2.2. This structure is reminiscent from kinetic transport models like the 
gravitational Vlasov Poisson equation, see |17| . 

Proof of Lemma \2.1\ step 1 Continuity and self adjointness. The continuity of M 
as an operator from Lq — > (Lq)* follows from ()A.2[) : 



/Ql^</f + 



2 

1 + llogr 



:i + |Iogr|)Q|Ui<Hk 



The self adjointness (|2.3p is equivalent to: 

V(«, v) G Lq x Lq, (cj) u , v) = {u, (j) v ). (2.7) 
Indeed, the integrals are absolutely convergent arguing like for (|A.2P : 

J | log | a; - y\\\u(y)\\v(x)\dxdy < \\u\\ L 2 q \\v\\ l ^ 

and the claim follows from Fubbini. 



following the celebrated proof by Weinstein |38| for nonlinear Schrodinger equations. 



step 2. Proof of (i). By definition of Q: 

1 f' 8r 



4r 



r J (1 + r 2 ) 2 1 + r 2 ' 

Moreover, using the convolution representation 



<Mo) 



and thus: 



+00 



8rlogr 
(1 + r 2 ) 2 



= 4 lim 

(e,fl)->-(0,+oo) 

4r 



r 2 logr 1 
1 + r 2 ~ 2 



log(l + r 2 ) 



0, 



/o 1 + r- 

We therefore obtain the ground state equation: 



dT = 21og(l + r 2 ). 



logQ + g - log8 = 0. 



(2- 



We translate with xq 6R 2 : 



logQ(x - x ) + 4>q(x- xq) - log8 = 
and differentiate at xq G R 2 to get: 

VQ 



and hence 



Q 



+ V0g = 0, 



VQ 



+ V0Q = 0. 



<3 v g 

Similarily, given A > 0, let Qx(y) = X 2 Q(Xy). We compute using J Q = 87r: 



(2.9) 
(2.10) 



Sv) = ^ J \og\x-y\Q x (y)dy = ^- J log Q|Az - Q(z)dz = -4logX+4> Q (Xy) 



and hence from (|2.8[) : 

-log8 + logQ A + Qa + 21ogA = 0. 
We differentiate this expression at A = 1 and obtain: 

+ <pAQ + 2 = 0, 

this is 



(2.11) 



step 3 Generalized kernel. Let now (u,<f>) smooth solve (|2.5|) . then: 

Acp + Q4> = cQ 

for some c 6 R. Q being radially symmetric, we develop (f> in real spherical harmon- 
ics: 

4>(x) = S fc >o [<t>\,k(r) cos(kO) + (p 2 ,k(r) sin(fc0)] 

and obtain 



k<Pi,k 



ill ' r ' l ,k 1 

kk ~ — + 72 



» A: 



-cQ<5fc =0 . 



We omit in the sequel the i-dependance to simplify notations. For k > 2, we can 
from standard argument using the decay Q = 0{\) at infinity construct a basis of 
solutions to Hkipi y k = with at infinity 



1 



i>2± ~ r 
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The a priori bound (|2.5p implies (ft k 6 Span-J^i and then the regularity of (ft and 
Hk<ftk = easily yield 

J \d r (ftk\ 2 + J ^ <+oo, (2.12) 
and hence <ftk belongs to the natural energy space associated to Hf.. Now 

Vk > 2, H k >H 1 + ^ 

in the sense of quadratic forms, while from (|2.10p . 

H 1 ((ft' Q )=0, (ft' Q (r)>0 for r>0 



implies from standard Sturm Liouville argument that (ft'q is the bound state of H\ . 
Hence H k > for k > 2 and then from ()2. 12j) : 

(ft k = for k > 2. (2.13) 

For A; = 1, the zeroes of H\ are explicit: 

ipi,i(r) = (ft' Q (r) = ih,i(r) = -^i,i(r) / 2 ■ 

The second zero is singular at the origin ^2,1 ( r ) ~ ~ an d thus the assumed regularity 
of (ft implies: 

(ftl € Span^'g). (2.14) 
For k = 0, we first observe from (12.41) that 



c ~ c 

{t Q = u + -AQ, <fo = 00 + ^ 



satisfies 

r m + ^ = o 



and thus H Q (ft Q = (2.15) 
A(ft = u 



Let the partial mass be 



m o( r ) = / tuq(t)(It so that mQ = tuq, (ft' Q = 10®.. 



then: 



= rQ[^ + 4> ) =r 



Q 

u'o - —u + Q(ft' 



m'oX Q' t , Q 

7^ m + — m 

r J yQ r 



Equivalently, 

L m = 

where 



L m = -< + (± + %)m>- Q m 



(2.16) 



„ 3r 2 -l , 
-m n 7T- — rrr"V, 



r(l + r 2 ) (1 + r 2 ) 2 ' 
The basis of solutions to this homogeneous equation is explicit^ and given by: 

^ = tttW' Mr) = (TT^F [r ' + 4r2logr " 1] ' (2 ' 17) 



^this is due to the fact that the non linear equation satisfied by the partial mass of Qb is 
invariant by m(r) n> m(Ar), see (|3.8|l . and indeed tfto £ Span{rmg}, rriQ(r) = J Q r Q{t)tcLt. 
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The regularity of no implies mo(r) — > as r — > and thus 

mo G Span(-f/>o) 5 no = — - G Span(— ) = Span(AQ) 

r y 

from direct check. Hence no = cAQ and the regularity of (f>Q at the origin^] implies 
~ (r) = c0aq, but then from ([231), (EUSJ): 



no 

= ^ + 



90 



0. 



□ 



= cA4AQ = —2c and thus no 

Together with ([2T3]) . (f2TT4|) . this implies: 

(f) G Span(0 A Q,«9i 0q,9 2 0q), n = G Span(AQ, <9iQ, <9 2 Q), 

and (|2,6p follows. This concludes the proof of Lemma l2.1i 

The explicit knowledge of the kernel of M given by Lemma fe.ll and the variational 
characterization of Q imply from standard argument the modulated coercivity of 
the linearized energy. 

Proposition 2.3 (Coercivity of the linearized energy). There exists a universal 
constant 5$ > such that for all u G Lq, 

(Mu, u )>5 J^-± [(n, AQ) 2 + (n, l) 2 + S 2 =1 (n, d t Q) 2 ] . (2.18) 

Proof of Proposition UT3\ A slightly weaker version is proved in [36J using explicit 
and somewhat miraculous computations. We give a simpler and stronger argument 
by adapting the robust proof by [38j, and which here relies on the classical sharp 
Hardy Littlewood Sobolev, see also |17] for a very similar argument. 



(2.19) 



step 1 Positivity. We claim: 

Vn G Lq with J u = 0, (Mu,u)>0. 

From standard density argument, it suffices to prove (I2T9D for n G C^(R 2 ) with 
J u = 0. We apply the sharp logarithmic HLS inequality (|1.5p at minimal mass 
M = 8tt to v = Q + An > for A G M small enough: J v = J Q = 8ir and thus 

1 



F(X) 



v\ogv + - I v(f> v > F(0). 



We compute 
F'(X) 



(log(Q + An) + !)«+- (u<j 



\u + {Q + An)0 u ) 
J [(log(Q + An) - log8 + <p Q )u + An</>„)] 



where we used (|2.7|) and the vanishing J u = 0, and then Q is a critical point from 

F'(0) = 0, 



and the Hessian is positive: 



F"(A), 



A=0 



u 

Q +4>u _ 



u = (Mu,u) > 0. 



^recall that the only radially symmetric harmonic function in R 2 is logr which is singular at 
the origin. 
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step 2 Coercivity. We now claim the spectral gap: 

I = wi{(Mu,u), ||u||^=l, (u,l) = (u,AQ) = (u,d t Q) = o} > 0. (2.20) 
We argue by contradiction and consider from (|2.19p a sequence u n G Lq with 

< (Mu n ,u n ) < -, ||u„|| L 2=l, (u n , 1) = (u n , AQ) = (u n ,diQ) = 0. 
n Q 

Hence up to a subsequence, 

u n — ^ u in Lq (2-21) 
which implies using the decay |Q(y)| < T+^ : 

/ — < lim inf / -± = 1, («, 1) = (u, AQ) = (u, dtQ) = 0. (2.22) 

J Q n->+oo J Q 

Observe now from ()A.5P that 

J Un4>u n = ~ j |V0 Un | 2 

and we claim from standard argument: 

Vcj> Un -»■ V0 U in L 2 . (2.23) 
Assume then from (l2~22]l : 

r u 2 

{Mu,u)<0, J — < 1 

and thus from (|2 . 19|) . 

(Mu,u) = 0, J^ = l \^<Pu\ 2 < I- 
Moreover, from the normalization of the sequence: 

(Mu n ,u n ) = J ^ - J iVc/U 2 = 1 - | |V0 u J 2 < ~ 
and thus using (|2.23l) : 

/ |V^ U | 2 = lim / |V</> U J 2 >1, 

from which 

/■ -u 2 

{Mu,u) = Q, J -q =1 , {u,l) = (u,AQ) = (u,diQ) = 0. (2.24) 

Hence u is non trivial and attains the infimum. We conclude from standard Lagrange 
multiplier argument using the selfadjointness of M that: 

Mu = a + bAQ + c- VQ + d^-, u G Lq. 

Taking the scalar product with u yields d = and thus Aiu G Lq. We then take 
the scalar product with l,AQ,diQ and obtain: 

Mu = 0. (2.25) 

Moreover (u,(j) u ) G C°°(M 2 ) from standard bootstrapped regularity argument and 
(j) u G L°° from (1A.4|) . Hence (u,(f> u ) satisfy the generalized kernel equation (|2.5p 
and u G Span(A<5, d\Q, d^Q) from Lemma l2.1i The orthogonality conditions on u 
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now imply u = which contradicts (|2.24p and concludes the proof of (|2.20p . 
Proof of (I2T23D : From (lA~5|) : 

J \V(f) u - V4> U J 2 = - J(u n ~ u)((j) Un - (f) u ). 

From (|A.4p . ()A.5p . (f) Un is bounded in i? 1 (|x| < R) for any R > 0, and thus from 
the local compactness of Sobolev embeddings and a standard diagonal extraction 
argument, we may find tp E Hy QC (M?) such that up to a subsequenc^: 

4> Un -»■ <j> in Lf oc (M 2 ). (2.26) 

Moreover 

^er(t 2 ) (2.27) 

from (IA.4p . We then split the integral in two. For the outer part, we use Cauchy 
Schwarz and ()A.4p to estimate: 

(u„ - u)(4>u n - 4>u) < p(||^u||L« + II0«„IIl°°)(I|w|Il2 + IKIIza ) ^ 4- 

For the inner part, we use the strong local convergence ()2.26p . the a priori bound 
(pT2Tj) and the weak convergence (|2.2ip to conclude: 



(u n - u)((j) Un ~(f>u) = ~ / (Un ~ U){4>u n ~ <t>) - / K" 

|as|< J R ^kl<-R. J\x\<R 



^ (IKIL2 + NlrO||&in _ ^\\m\x\<S) ~ / («n ~ «) (0 ~ #u) 
y y 7|a:|<fl 

— )• as n — > +00, 
and (|2.23p is proved. 

step 3 Conclusion. Let now u £ Lq and 

v = u — aQ — bAQ — c\d\Q — cidiQ 

with 
then 

(v,l) = (v,AQ) = (v,d l Q) = 

and thus from (p720|) : 

(.M^)>*q /^>*> 1^ -^(a 2 + 6 2 + C ? + ci) 
and the claim follows by expanding (Alv, f ). This concludes the proof of Proposition 



we need to prove that <f> = <f) u 
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2.2. Structure of C. We now study the linearized operator close to Q of the (PKS) 
flow given by (|1.15p for perturbations in £ given by (jl.9p . We define its formal 
adjoint for the L 2 scalar product by 

Ce = MV • (QVe). (2.28) 

Lemma 2.4 (Continuity of C on £). (i) Continuity: 

\\£4li £ \\4s- (2-29) 

(ii) Adjunction: V(e, e) £ £ 2 , 

(££,£) = (£,£*£). (2.30) 

(mj Algebraic identities: 

£{AQ) = C(dtQ) = C{d 2 Q) = 0, (2.31) 

C( yi )=C(y 2 )=C(l) = 0, C*(\y\ 2 ) = -4. (2.32) 
(iv) Vanishing average: Ve € £■, 

(Ce, 1) = 0. (2.33) 

Proof of Lemma \2.4\ 

Proof of (i): We have from the explicit formula (|1.15p and the energy bound ()A.6D 
on the Poisson field: 

|£e| 2 ^ f|Ae| 2 , f^ ]2i f|V<^| 2 ,_ |2 /• |VQ| 2 |v ^ |2 



Q 



< II |2 , /" l V ^! 2 < || ||2 



Proof of (ii): The representation formula 

£e = V • (QVAfe) (2.34) 

ensures that the formal adjoint of £ for the L 2 scalar product is given by (|2.28p . 
To justify the integration by parts (|2.30p . we first remark that both integrals are 
absolutely convergent. Indeed, from (|2.29[) : 

Z \\£ £ h 2 Q ||e||ia < ||e||g||e||e. 
Moreover, 

Ce = ^V • (QVe) + 0y(QV e ~) 
and from / V • (QVe) = and ([X]4j) : 

„, ||2 <M _ ™ ni | 2 < /" IQAef + |VQ • Ve~| 2 „,„ 2 
Il0v-(QV E -)IU- < ||V- (QVe)|| L 2 < y ^ < ||e|| H 2, 



from which: 



W + ^iv,1 

Q 



^ Ikllfllellf- 



Hence: 



(£e, e) = lim / eXe. 

R^+oo J\ X \< R 
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Now 



eCe 



\x\<R 



Moreover, 



/ V-(QVMe)e=[ Qid r (Me)da R - [ QVMe-Ve 

J\x\<R Js R J\x\<R 

[ [Qed r (Me) - Qd r eMe] da R + f MeV ■ (QVe). 

Js R J\x\<R 



l|V-(QW)||^ < 
and thus from (12.31): 



jVe - VQ| 2 + Q 2 |Ae| 

Q 



< 



~1 1 2 



lim / MeV ■ (QVe) = (.Me, V • (QVe)) = (e,M(V • (QVe))) = (e,£*e) 



Moreover, we estimate from Cauchy Schwarz and (|A.6P : 



and from (l2~2j) : 

Qd r eMe < 



Q\e\ 



Q\Me\ 



\d r e\ \d r Q\\e\ 



Q 



Q 2 



Q|Ve| 



< +oo 



and thus we can find a sequence i? n — > +oo such that 

/ [Qvd r (M.u) — Qd r vM.u] da Rn — > as n — > +oo, 

and (I2~3fl follows. 

Proof of ( in ) The algebraic identities (|2.3ip follow directly from (|2.4p , (|2.28|) : 

C*{yi) = M(V • (QVy<)) = .M^Q) = 0, 

£*(|y| 2 ) = A4(V • (QV|y| 2 ) = M(2AQ) = -4. 
Proo/ of (iv): From (pT29j) . £e G L 2 Q C L 1 , and thus from (f2734|) : Vr n -)■ +oo, 

«27T 



Ce = lim / £e = lim r n / Qd r {Ms)d6. 

r ^+°° J\x\<r n rW+oo _/ 



But 



y |QVA4£ 



.„ l2 |e| 2 |V/> £ | 2 
Ve 2 + — ! ', , n + 1 



< +oo 



l + \y\ 2 1 + r 4 

where we used (|A,6P , and thus we can find a sequence r n — )• +oo such that 



i-2-k 

\ \Qd f 
Jo 



Me\ 2 d6 = o 



1 



Hence 



2t 



Qd r (Me)d9 



< 



2tt 



\Qd r Me\ d9 -> as r n -» +oo, 



and (|2.33p follows. This concludes the proof of Lemma [2] 

(1 2) 

We now introduce the directions $m, which are localizations of the general- 

ized kernel of £*, and on which we will construct our set of orthogonality conditions. 
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We anticipate on section [3~T1 and let T% be the explicit radially symmetric function 
given by (|3.16p and which satisfies from (|3.46p . ()3. 2H : 

£T 1 = AQ, Ir^l < (2.35) 

1 + r z 

We claim: 

(1 2) 

Lemma 2.5 (Direction $a/, $>)j ). Given M > Mq > 1 large enough, we define 
the directions: 

*o,Af(z/) = XMr 2 , 

{xm\v\ 2 ,Ti) 



®M(y) = XMr +c M £*(XMr), c M 



(XAf|y| 2 ,AQ)' 



®i,M = XMVi, 2=1,2. 



Then: 

(i) Estimate on <3?m-' 



$m(t) = r 2 XM ~ 4c M XM + 



M 2 



;0 



1 



1 + r 2 



r<2M + lAf<r<2M 



logM 

(*m,Ti) = 0, ($ M ,AQ) = -(32vr)logAf + O a/ ^ +oo(1) , 

1 

,M 

(m^ Estimate on scalar products: \/e £ L , 

M 2 



($ i ,M,d i Q) = -\\Q\\ L i+0 



\&*m)\< [ (l+r 2 )H + 

Jr<2M 



logM 



IM)I + 



r>M 



M)\< 



'M)\ ^ 



£ + 



r<2M 
M 2 



'r<2M !ogM J r >M 1 + r * 

[s,£*<S>m) + c m \e,1) + (e,£**o,Af) + cgr ) (M) < / 



2.36) 
2.37) 
2.38) 

2.39) 
2.40) 
2.41) 

2.42) 
2.43) 
2.44) 
2.45) 



with 



c « - 4 + O ( — 



i = 1,2, 



|(e,£*$i,M) 



< 



M ^ 1 
\i<r<2M 1 + r M 2 7l + r 



i = 1,2. 



(2.46) 



Remark 2.6. It is important for the analysis to keep a sharp track of the M 
dependence of constants in Lemma f2. 51 The estimate (|2.45p will play a distinguished 
role in the analysis for the derivation of the blow up speed. The estimates on scalar 
products (|2TI2]) . (|2~4"4"|) . (f2~4"5|) . (|2~4"rJj) are a sharp measurement of the effect of 
localization on the exact formulae (12 .32 p . 



Remark 2.7. For e G Lq, (|2.42|) implies by Cauchy Schwarz: 

\(e,* M )\ + \(s^o,m)\ £ M\\e\\v Q + 

Also (|2.44p implies the rough bound 

\{e,C*$ M )\<M\\E\\ L .. 



(2.47) 
(2.48) 
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Proof of Lemma {K 

step 1 Proof of (i). We integrate by parts and use the cancellation C(AQ) = to 
compute: 

($M,AQ) = ( X M\y\ 2 ,AQ) = -2 J \x\ 2 XM Q- J \x\ 2 Qx-V X m = -(327r)logM+0(l) 
This yields using (|2.35p the upper bound: 



\CM 



< 



\y\ 



< 



logM J m2M 1 + |y|2 ~ logM' 
We estimate by definition: 

C*(xm\v\ 2 ) = Mr M , r M = V • [QV( X m\x\ 2 )] 
and thus using ([5. 411) : 
Tm 1 



Q 



Q 



[2 X mAQ + \x\ 2 (QA X m + VQ • Vxm) + 4Qx • V X 



M 



(2.49) 
(2.50) 
(2.51) 



-4 XM + O 



1 



r<2M + 1m<K2M 



1 + r 2 

Moreover, solving the Poisson equation for radial fields: 



and thus 



£*(xm\v\ 



\4>r M {r)\ 



Mr r , 



Qd r (xMr 2 )dr 



< 



1 



rlr<2M 



-4xm + O 



1 + r : 



1 + r 



:lr<2M + ljU<r<2M 



(2.52) 



which together with (12^9"]) yields ([2~3"9"|) . 
We now compute the scalar product: 



($ M ,Ti) = (xm\v\ 2 + c M C*(xM\y\ 2 ),Ti) = (xm\v\ 2 ,Ti) + c M {CTi,XKi\y\ 2 ) = 

where we used (|2.35p and the definition (|2.37p of cm, and integration by parts which 
is easily justified using the compact support of XAf|y| 2 an d the decay (|2.35p . We 
finally compute after an integration by parts: 



(diQ, XMXi 



■IIQIUi+o 



1 

M 



step 2 Proof of ([2~42l . (j!P3"]) . (pill]) . ([OB]) . We claim the pointwise bound: 



(£*) 2 (xm^) = cZmXm + 



lr>A/ 



1 + r 2 

Assume (p33]l . then from ([2~49]) . (p32|) . ([2~53]) : 



with oIm = O 



(± , 



(2.53) 



|(e,£**Af)| 



| M 2 

r<2M !ogM 



1 



£ + 



|e| 
1 + r 2 



which implies (JSHU). The estimate (j!P3|) follows from (|2~52D . Recall now (p30|) . 
then: 

r~M = r M - 2AQ = V • [QV(( X m - 1)M 2 )] = O (^p) , (2-54) 



18 



P. RAPHAEL AND R. SCHWEYER 



and computing the poisson field in radial coordinates: 

" + 0O 



J r M 



/•-too 

/ Qd T [(1 - X m)t 2 } dr 

J r 

r+oo f+oo 

lr<M / Qd T [(1 - Xm)t 2 ] dr - l r > M / Qd T [(1 - X m)t 2 ] dr 

J M Jr 



eMXM + O 



lr>M 

1 + r 2 



with 



e M = ~ J m °° Q5 T [(1 - X m)t 2 ] dr = (-^\ 
We then compute from MhQ = — 2: 

\(e,C*(XM\y\ 2 )) + (4,-e M )(e,l)\ = \(e,Mr M - e M )\ < I \e\. (2.55) 



r>Af 



Hence: 



< |(e,|y| 2 XM)| + |c A /||(e,r(xM|y| 2 ))| 
M 2 



< 



T \S\ + 

<2M !ogM 



IM)I + 



r>Af 



and (g3ZD is proved. Moreover, from (g32D , (|235]> . (l2~55l) : 



/■ m 2 r f 

(e,£*$ M ) + (4 -e M -c M ^)(e, 1)1 < / l e l + ^ — TFT / 

Jr>M |!OgM| lJ r >M 



\£\ 

1 + r 2 



< 



r>M 



and (|2.45p is proved. 

Proof of (I2~53D : First observe from {C*) 2 {\y\ 2 ) = £*(-4) = that 

(C*) 2 (x M \y\ 2 ) = C*f M with f M = Mr M - 
We compute explicitly using the radial representation of the Poisson field 

C*f M = MV-(QVf M ) = ^Qdr(rQd r f M ) + <f>i ar{rQdrfM) 



difu +[- + 



1 d r Q 



Q 



+ OO 



Qd T f M dr. 



We then estimate from (|2.54D : 

lr>M 



\dlf M \ < 



I _|_ r 4+i ' 

To estimate the Poisson field, we use: 



01 



r_M 

Q 



dr<t>f M ( r ) 



<±m, i>o. 



rrudr 



and thus: 



and similarily: 



«r<?>f M (r) < lr>M- / 4 < ~~ 7T^ • 



I^M(y)l<^ <>i. 
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This yields the bounds 



1 + r l 



1 + r 2 



-lr<M / Qd T f M dr + l r > M / QOrfhidr + O 

•/AT Jr 

() ' i + ^ ) + dMXM 



with 



(J- 



Qd T f M dT = O . 

M \ M 



and (|2.53p is proved. 

step 3 Proof of (pT46|) . We estimate using (pl32|) : 



1 



£*( X M|fc) = ~V-(QV/$) + 



Q " ^ ' JM/ ' r V-(QV/W)' 
The local term is estimated in brute force: 



Wv /if = (xAf - i)y<- 



^V-(QV/S) 



< - L Af<|«/|<2M 



We compute the Poisson field by writing: 

/m=C£^, C2(r) = (xm - l)r, v . (gv/ W ) = *i,M(r)^ 



with 



3?$Mf + 
5m = -d r (rQd r ( 



'r^i,M $i,Af _ (i) 



(Ox Qx*) 



M ^ r 2 W 



Letting u 



(i) _ ®i,M 



M 



we obtain: 



AW _ f) 



9m i 

lr>A/ 

1 + r 5 



o 



M 2 r 3 y 



*i,lf(r) = -r 



+oo 



arV " dr = \M»(l+r) 



1 



We therefore obtain the estimate: 



\£*(xMVi)\ ^ r—— 

1 + r 



1 M<\y\<2M + 



(2.56) 



and (|2.46p is proved. 

This concludes the proof of Lemma 12.5 
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2.3. Hq bounds. We now claim the following coercivity property which is the 
keystone of our analysis. We recall the radial/non radial decomposition (|1.12p . The 
radial symmetry of Q and the structure of the Poisson field ensure: 

Proposition 2.8 (Coercivity of C). There exist universal constants 5o, Mq > such 
that VM > Mq, there exists 5{M) > such that the following holds. Let e £ £ with 



(e,$ M ) = (e,£*<S> M ) 

then there hold the bounds: 
(i) Control of Ce: 



(e,$ i<M ) = (e,£*$i,M) = 0, i = 1,2, 



<5 (logM) 2 f (£e(°)) 2 



M 2 
5 



v ' ~ logM J 



Q 
Q 



(2.57) 

(2.58) 
(2.59) 



(ii) Coercivity of C: 



5{M) 



J^- > j(l + r 4 )\Ae\ 2 + J(l + r 2 )\Ve\ 2 + J i 



+ 



(2.60) 



r 2 (l + |logr|) 2 
Proof of Proposition \2.tA step 1 Control of Ce. Let 

e 2 = Ce£ Lq. 

From (12~33|) . 

(£2,1) =0 

and from the choice of orthogonality conditions (|2.57p and (|2.30D : 

(e 2 ,$ M ) = {Ce^ M ) = (£,£**m) = 0, (e 2 ,$i,M) = (Cs,^ M ) = (s,£*^ M ) = 
Let: 

£2 = ^2 - aiAQ - cidiQ - c 2 d 2 Q 

with 

(e 2 ,AQ) (£2,^g) 



«i 



l|AQ|| 2 ' 



IL 2 



L 2 



Then: 



(e 2 ,AQ) = 0, (e 2 ,diQ)=0, (e 2 , 1) = (e 2 , 1) = 
where we used the fundamental L 1 critical degeneracy: 

(AQ,1) = 0. 

We split into radial and non radial parts and conclude from (|2.18p : 
(Jvle 2 ,e 2 )>o \\e 2 \\ l2 , {M.e 2 ,e 2 ) > o \\s 2 \\ l2 



(2.61) 



We now use the orthogonality conditions on e 2 , the radially of Q and the bounds 
(j2~l?l) . (pT10|) to estimate: 



l a i| 



(£2,$M) 



(*w,AQ) 



(4 0) ^m) 



($m,AQ) 



~ | log A/ 1 



M|| E f)|| 12+T ^-, 
11 2 Q logM 1 



k4°\di 



< 



M 



1 =(0) i 



~ logM"" 2 llL Q' 
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and thus 



I _<o) .. n < 



~ logM 

On the other hand, thanks to the orthogonality (£2, 1) = ( £ o> 1) = and 

, 4 0) ) = (-^f + 2fl i > ^2 - 01 AQ) = (Me { 2 0) , ef ) 
and thus from ([2~6B . (pU2l) : 



(2.62) 



fA>-(°) _(0)x _ , w~(0) ~(0)s , I, ~(0) , |2 > ^o(logM) 2 JQ) 2 



M 2 



this is (|2~58|) . 

Similarly, we estimate using (|2.4ip . (|2.46p : 



(£2,*i,Af) 














Jr<2M 



r|4 X) |< VtaiMHe 2 || 



and thus 



4 1} |U < v^iMll^l 



L7, 



We conclude from A4diQ = 0: 



? (1) 



~(i)ii2 . An.Wi 



Q ~ logM 1 



-2 HzA' 



this is (p39|) . 



step 2 Subcoercivity of £. The spectral gap (|2,60p follows as in 
from a compactness argument and the explicit knowledge of the kernel of C. We 
first claim as a consequence of two dimensional Hardy inequalities and the explicit 
repulsive structure of the operator far out the subcoercivity estimate: Ve E Hq, 



|V<^| 2 
1 + r 4 

Indeed, from ([1.150 : 



1 



1 + r 2 



r 2 (l + |logr|) 2 
|V £ | 2 . 



+ r c 



> 



(Ae + V^q • Vef 

Q 

(Ae + V(j)Q ■ Vef 
Q 



jVQf 
Q 

r-2 



Qe 2 



1 + r 4 



We develop: 

(Ae + V^ Q • Ve) 2 _ f (Ae) 2 , (<9 r </>Q^) 2 



/ 



+ 



|V0 £ | 2 

1 + r 4 ' 



-h / - AeV^g • Ve. 



We observe from (12.91): 



_ _ 2 vg 



Q 



Q 



2 -2V^, ^ = -. 



|V0 e 



r 2 (l + |logr|) 2 
(2.63) 



(2.64) 
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We now recall the classical Poliozaev integration by parts formula: 



+00 i-2tt 



2 / Aed r if)d r £ = 2 

{rd r e) 2 d r 











d r ip 



d r (rd r e) + -d 2 e 
r 

+00 r2-K 



{d r ef ~ 

We compute for r 3> 1: 



-d e e 
r 



drdO + 

d r ip 



d r ipd r edrd9 
{deeydr 



drdO 



^(0 = ^ = - + O(r 2 ), d 2 ^- 

1 r 41 

■) = - / Q(T)rdT = - + 0(-), 
r J r r i 



r 2 + 0(l), 



Q 



2r 2 + 0(l) 



from which: 



(Ae + V(pQ ■ Vef 



I 

> |(l + r 4 )(A e ) 2 + | 



(2r 2 -r 2 )(d r e) 2 + r 2 (-d e e) 



|Vd 2 . 



Injecting this into (|2,64p yields the lower bound: 



/ <f! > /(! + r^sf + J r W -J^-jM-j 



1 + r 4 



and (|2.63p follows from the Hardy bounds (jB.ip . (|B.2p and the relation e = A</> E . 

step 3 Coercivity of C. We are now in position to prove the coercivity (|2.60p . 
We claim that it is enough to prove it for e 6 C^°(R 2 ). Indeed, if so, let e £ C and 



e in £, e n eC™{R 2 ), 



then 



n\\L 2 r 



\Ce\\ 



from ()2.29p . Moreover, from (IA.6|) and Sobolev: 

iv^-v^' 2 



/ 



,, 1 , |, i$ l|V0 £n - Venice < ||e„ 

r^fl + iogr r 



0, 



and we may thus pass to the limit in (|2.60p for e n and conclude that (|2.60p holds 
for e. 

In order to prove ([2.6UP for e G C?^(M 2 ), assume by contradiction that there exists 
a sequence e n £ C£°(M 2 ) such that| 



|(l + r 4 )(Ae n ) 2 + I 



1 



+ 



|V0 e 



+ 



r 2 (l + |logr|) 2 



+ r z 



r 2 (l + |logr|) 2 7 (1 +r 4 )(l + |logr|) 2 
(e„, $ M ) = (e n ,C*^ M ) = (e n , d t Q) =0, i = 1, 2 



|Ve„r + / -7 
= 1, 



(2.65) 



^Working with e n 6 C°°(R 2 ) ensures that <j> En makes sense while only V</> e is well defined for 
e 6 £, and we may thus recover a Hardy type control on 4> £n from (|B.3[) . 
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and 



(Ce 



< -. 

Q n 



(2.66) 



From ()2,65p and the local compactness of Sobolev embedding^], we have up to a 
subsequence: 

-> in Hl c (2.67) 
Similarily, e n is bounded in H 2 (M. 2 ) and we may extract up to a subsequence 

e n — 1 e in # 2 , e n — ► e in .fq 1 ^ (2.68) 

and there holds from standard lower semi continuity estimates the a priori bounds: 



+ 



|(l + r 4 )(Ae) 2 + J 

f |V0| 2 

J r 2 (l 



1 



+ logr 



r 2 (l + |logr | ) 2 

a2 



+ r z 



|Vd 2 + / £ 



<1. 



(2.69) 



(1 + r 4 )(l + |logr|) 2 

The subcoercivity estimate f|2.63|) . the initialization (|2.65p . the assumption (12.661) 
and the strong convergences (|2,67p . (|2.68p yield the non degeneracy: 



1 + r 2 



+ / We\ 2 + 



lim 

n— >+oo 



|V0| 2 
1 + r 4 



+ 



1 + r' 

|v<fej 2 

1 + r 4 



+ 



I + r t 



(2.70) 



V/ttd2\ 



> I- 

Passing to the limit in the distribution sense, we also conclude 

A0 = £ in V'(R 2 ). 

Note however that we do not know the relation (j) = <p e . 
We now pass to the limit in 

Ce n = Ae n + 2Qe n + Vcf> Q ■ Ve n + VQ • V<p £n 

and conclude from (|2"U7|) . (f2~68]l that 

Ce n Ae + 2Qe + V0q • Ve + VQ • V<p in V 

while £e n ->■ in L 2 (R 2 ) from ([2^6]) and thus 

Ae + 2Qe + 
A0 = e 

The a priori bound (|2.69j) and standard elliptic regularity estimates ensure the 
bootstrapped regularity (e, </>) £ C°°(]R 2 ) and thus ([2.7ip holds is strong sense. 
Let 

we rewrite (|2.71[) as the divergence equation: 

V • (QV/) = 0. 
Moreover, we have the a priori bound from fj2.69[) : 



V£ + VQ.V0 = O . mV , 2 



(2.71) 



1 + r- 



■iv/l 1 



1 + r 2 



iVel 



+ 



Q (i + y 2 X? 



QIV0I 1 



(2.72) 
< +oo (2.73) 



^recall that e„ = A(f> E 
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and thus in particular there exists a sequence r n — > +00 such that: 

-2tt 

0. 



lim [ W Q\Vf n \ 2 (r n , 



(2.74) 



We claim from standard argument in Liouville classification of diffusion equations 
that this implies 

V/ = 0. (2.75) 
Assume (|2,75p . then from (|2.69p . (I2.75p . (e, (/>) satisfies (|2.5p and hence from Lemma 

2D 

e £ Span(AQ,d 1 Q,d 2 Q), 4> = 4>e- 
The orthogonality conditions (e,<&m) = {^idiQ) = (e 5 ^2Q) = and (|2.4Up imply 
e = and thus <p = <p £ = which contradicts the non degeneracy (|2.7U|) and 
concludes the proof of (12301) for eeC c °°(l 2 ). 

Proof of (|2.75p : We integrate (I2.72p on B r and use the regularity of / at the origin 
and the spherical symmetry of Q to compute: 



= r 



2tt 



and hence 



Q(r)d r f(r,e)d9 = rQ(r)d, 
d r f {0) (r) = 0, /<°)(r) 



2- 



f(r,0)dB). 



1 

2^ 



2tt 



f(r,e)d8. 



(2.76) 



We then multiply (|2,72p by /, integrate over B r and estimate using (|2,76p . the 
spherical symmetry of Q and the sharp Poincare inequality on [0,27r]: 



13 r 



2- 



Q(y)\Vf(y)\ 2 dy = r / Q(r)f(r,e)d r f(r,9)d9 = rQ(r) 



2t 



/ - d r fde 



2- 



< rQ(r)l / (f-fWfdB 



2tt 



{drffdd 







< rQ(r) 



2tt 



{deffdO 



2tt 



< 



r 2 Q(r) 



2tt 



(drfVde 

2 



Hence 



(d r fY + ( -d e f 



r 2 /•27T 

de = — 

2 JQ 



Q(r)\Vf\ 2 (r,6)d6. 



(2.77) 



Q(y)\Vf(y)\ 2 dy 



B r 



satisfies the differential inequation: 



2tt 



g'(r) = r Q(r)\Vf\ 2 (r, 



> 



2.9 



1C 



r 9 

dr 



> 0. 



(2.78) 



On the other hand, the boundary condition (I2.74p and the control (|2.77p imply 

g{r n ) 



lim 

r n -y+oo ri 







which together with the positivity of g and the monotonicity (|2,78p implies g = 0, 
and (|2,75p is proved. 

This concludes the proof of Proposition 12.81 □ 



2r> 



3. Construction of approximate blow up profiles 

This section is devoted to the construction of suitable approximate blow up pro- 
files which contain the main qualitative informations on the solution. These profiles 
are one mass super critical continuation of the exact mass subcritical self similar 
solutions exhibited in [Jjj. 

3.1. Approximate blow up profiles. We build the family of approximate self 
similar solutions. The key in the construction is to track in a sharp way the size 
of tails at infinity. We start with building radial profiles which contain the leading 
order terms. 

Proposition 3.1 (Radial blow up profiles). Let M > enough large, then there 
exists a small enough universal constant b*(M) > such that the following holds. 
Let b E]0, b*(M)[ and Bq,Bi be given by (|l,13p . then there exist radially symmetric 
profiles Ti(r),T2(b,r) such that 

Qb(r) = Q{r) + bT x {r) + b 2 T 2 (b,r) 

is an approximate self similar solution in the following sense. Let the error: 

*b = V • (VQ fe + Q b V(f> Qb ) - bAQ b + ct&xsnTi* ( 3 -l) 

4 

with c b given by (|3.20p . then there holds: 
(i) Control of the tails; Vr > 0, \/i > 0; 

1 

r 

andMr < 2B 1 , \/i > 0; 



r^Txl <r 2 l r <i + 3 l r >i, (3.2) 



, l + |log(r>/6)L , 1 



\r l d l r T 2 \ < r l r <x + — ll< r <6B + 6 2 r 4| log6 | ^>6Bo> (3-3) 



\bdbr%T2\ < ' 



4 | logr | 1 

|log&| I" ^ + jtog6[ 1 - r - 6Bo + ¥r~^ B \ 
(ii) Control of the error in weighted norms; for i > 0, 

<2 Bl ' r 61 Jr<2 Bl 1 + r 2 + J r < 2Bl Q ~ |log6| 2 ' 



(3.4) 



QIVA^^I 2 < -^2. (3.6) 

r<2B 1 |log&| 2 

Remark 3.2. The error ^ b displays slowly decaying tail as r + oo, and hence the 
norm in which is measured the error is essential. This explains why polynomials in b 
in the error vary from (|3.5p to f|3.6[) . These errors are the leading order terms in the 
control of the radiation for the full solution, see step 4 of the proof of Proposition 
ET71 

Proof of Proposition [3T71 step 1 Setting the computation on the mass. 

We look for radial profiles and it is therefore simpler -but not necessary- to work 

with the partial mass: 

m b {r) = / Q b (r)rdT. (3.7) 
Jo 

The Poisson field for radial solutions is given by 

,/ m b 
^Qt = — • 
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Let using (J3JJ): 



* 6 = m;'-^ + ^p 



brm' b , ^ b = -$' 6 + Cb^xs^Ti. 

r 4 



(3.f 



We proceed to an expansion 
where 



m (r) = / Q(t)t(1t 



rrib = m$ + bm\ + b 2 rri2 
4r 2 



1 + r 2 



rQ' 
Q 



Correspondingly, 



Q b = Q + bT 1 + b 2 T 2 = T± 

r 



-m 



-m 



We let the linearized operator close to mo be given by (j2. 16|) : 

/l Q'\ „ 3r 2 -l 

\r Q J 
and obtain the expansion: 

&b = b [—L Q mi - rm' ] + b 2 

(m\m2 



r(l + r 2 ) (1 + r 2 ) 2 



m 



mxm\ , 
-L rri2 H rm x 



+ 6 J 



+ 6 4 


m2 m 2 




r 



step 2 Inversion of Lq. The Green's functions of Lq are explicit^ and the set of 
radial solutions to the homogeneous problem 



Lqwi = 



is spanned according to (|2,17p by: 

r 2 

fair, , . 

1 + r 



/- r 4 + 4r 2 logr — 1 
2^2' W) = : 



with Wronskian 



rQ 



(1 + r 2 ) 2 
2r 



W = ^0-^0 = — - ,, r . 2v2 



4 (1 + r 2 ) 2 
Hence a solution to 

^om = -/ 

can be found by the method of variation of constants: 

A'lfo + BVi = 0, 



(3.9) 
(3.10) 



m = A"0o + Bipi with 



This leads to 



B , _ fifo _ r , _ fipi 
W 2 1, W 



r 4 + 4r 2 logr — 1 
" 2r 



(3.11) 



/ 



and a solution is given by: 



m(r) = — ipo(r) 



r r 4 + 4r 2 logr-l 1 , 
/(T)dr + -^i(r) / Tf{r)dr. 



(3.12) 



^This structure is reminiscent from the parabolic heat flow problem and one could show that 



this operator can be factorized Lq = ^qtIo wnere the adjoint is taken against 
first order, and this explains why all formulas are explicit. 



dr and Ao is 
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(3.13) 



We compute 

ip' Q _ 2(1 - r 2 ) ip[ _ 8(1 + r 2 - (r 2 - l)logr) 
r (1 + r 2 ) 3 ' r (1 + r 2 ) 3 

and then (|3,lip yields 

— = A-^- + B-^- (3.14) 
1 - r 2 I* r 4 + 4r 2 logr - 1 4(1 + r 2 - (r 2 - l)logr 



f(r)dr + ^^^^Z / rf(r)dT 



(1 + r 2 ) 3 7 r a ' (1 + r 2 ^ 3 

step 3 Construction of m\,T\. We let mi be the solution to 



..2 Sr 2 

(1 + r 2 ^ 2 



L mi = -rm' = -r Q = _ 7TT~l2\2 = _8 V>o (3.15) 
given by (j3. 12|) . explicitly: 



r(r 4 + 4r 2 logr - 1) , . . f r r 3 

Jo 

Then from (l3~T4"l) : 



mi(r) = -4^ (r) / ' v ' ^ ^dr + 4Vi(r) y _l_dr. 



Ti = — i 3.16) 
r 

8(1 - r 2 ) r r(r 4 + 4r 2 logr - 1) , 32(1 + r 2 - (r 2 - l)logr) T r 3 

dr H - ^ / 7- KTTrdT. 



(l + r 2 ) 3 7 (1 + r 2 ) 2 (1 + r 2 ) 3 7 (1 + r 2 ) 2 

There holds the behavior at the origin 

mi (r)=(9(r 4 ), T l {r) = 0{r 2 ). 
For r large, we use the explicit formula: 



r r 3 , log(l + r 2 ) 1/1 
dr = h ' 



to compute: 



(1 + r 2 ) 2 2 2 Vl + r 2 



mi(r) = 4(logr-l) + of^g£V (3.17) 
mi(r) = £ + ofe^V (3.18) 
r l( ,) = ^ + o(^). (3.19) 



|r*fl*Ti| <r 2 l r <i + ^l r >i. 



This yields in particular the bound for i > 0: 

1 

step 4 Construction of the radiation. We now introduce the radiation term 
which will allow us to adjust in a sharp way the tail of T<i outside the parabolic zone 
r > B . Let 

1 



Cb 



I +CC 'XB*MT)TdT |log&| 



1 + 



|log6| 



(3.20) 



d b = 4c b [ + X ^Mr)rdT = o(—^—) (3.21) 

Jo 4 Vo|iog6|y 
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We let the radiation £& be the solution to 

L T, b = ScbX^ipo + d b L [(1 - X3B )^o] 

4 

given from (|3.12p by 



S 6 (r) = -4c b ip (r) 

+ d b (l - X3B )4>o{r)- 
Observe that by definition: 

Z b 



t(t 4 + 4r 2 logr - 1) 



(1 + r 2 ) 2 



XE^dr + 4c 6 Vi(r) 



(3.22) 



(l + T 2 ) 2 *^ 



cjmi for r < 

for r > <5Bq 



(3.23) 
(3.24) 



and we estimate for -£■ < r < 6Bq: 

E 6 (r) = 4 + 



|logb| 



For r > 6 -Bo, we observe from (|3.9p . (|3.24p the degeneracy: 



S 6 = 4 + O 



logr 



, rd r £ 6 = 



logr 



This yields in particular the bounds using (|3.17p : 

„4 



r l d££ 6 (r) = O 



|logb| 



VI < r < 6B , E fe (r) = + O 



for r < 1, i > 
1 



|logb| 

Vr > 6_B , £&(r) = 4 + 



|log6| 



logr 



(3.25) 



(3.26) 



We now observe an improved bound for derivatives far out. Indeed, from (|3. 14p : for 
r < 2Bi, 

^3 



-4c 6 - 



tfo(r) [ r t{t 4 + 4r 2 logr - 1) 



(1 + r 



2^2 



X^dr + 4c b 



o (1 + r 



2\2 



XB dT 



+ 4(1- X3B ) -^-^ - d 6X3B ~ 



< 



+ 

< 



1 



r 2 l r <i + r 2 l r < 6 B + Tlr>6B 



|log6|(l + r 4 ) 

1 + I logr I 1 
|lo g 6|(l + r*) [(1 + M 1 ^** + Wl^*] + 6 | log ^|( 1 + r 4 ) 1 ^o 



1 



|log6| 

and thus: for i > 1, r < 2i?i, 



2 1 1 

r l r <i + -^ll<r<6B + rr^lr>6B 



|log6| 



r l r <i + l r <6B + r~2 lr>6B 



(3.27) 



We now estimate the b dependance of £&. From (|3.2U|) . (|3.21l) . 



db 



O 



1 

6|log6| ; 



94 
db 



O 



1 



6 2 |log6| ; 



29 



and from (13T241 . 



This leads to the bound: 



= f §mi for r < ^ 
56 ~ 1 for r > 6B Q 



96 







6|log6p 



96 



1 + | logr | 
b\logb\ 2 



for r < 1, 
So 



for 1 < r < — -, i > 0. 
~ ~ 4 



In the transition zone ^ < r < 6 -Bo, we estimate from (|3.23p : 



6*6 



< 



+ 



c b 



b\logb\ 1 + r 2 



dbXi 



dr + \cb\ 



dr 

T 



dbXi 



+ 



I* 



1 + r- 



■|9feX3Bol 



1 



~ 6|log6| 



and similarly for higher derivatives. This yields the bound: for i > 0, r < 2B\, 



\br l dld b X b \ < 



1 



|log6| 



4 1 + |logr| 
r l r <i H — , , — i r <6S 



|log6| 



step 5 Construction of rri2,T2. We define: 



m\m l 



rmi 



(3.28) 



(3.29) 



We estimate 



£ 2 = 0(r 4 ) for r < 1. 
For 1 < r < QB , there holds the bound using (|3TT5|) . (f3~25|) : 



81ogr ^ 
|log&| 

'|log(V&r)|\ 



1 



|log&| 



log&| 

+ o 



+ o 



I logr I' 



i 



|log6| 



and for r > 6^0, we have from (l3~TK1) . (l3~24l : 

| logr | 2 ^ ^ | logr | 2 



-4 + 4-^1 + 



1 + r 2 



1 + r 2 



Hence, we obtain: Vi > 



.j^k^ | l + |log(r\/6)| | |log?f -, 

l r Cr 2 ^ ^ r l r <l H p; — t ll<r<6B + ?*-r>6B - 

1 + r z 



|log6| 



(3.30) 



(3.31) 



(3.32) 



Remark 3.3. The essential feature of (|3.32[) is the jj^gr smallness of the £ 2 tail 
in the parabolic zone r ~ Bq which justifies the introduction of the radiation in 
(|3.29p . and this will turn out to modify the modulation equation for b according to 
(fTTTHl) . 



The b dependance of £ 2 is estimated from (|3.28p . (|3.29p : 

1 



br l dld b Z 2 



~ |log6| 



4 1 + | logr | 
r l r <i H — — - — i r <6B 



|log6| 



(3.33) 



We now let m 2 be the solution to 



L Q m 2 
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given by 



1 



m 2 (r) = -V>oM 
Near the origin, 

For 1 < r < 6B , 



r 4 + 4r 2 logT - 1 



S 2 (r)dr- \^{r) [ rS 2 (r)dr. (3.34) 
1 Jo 



\m 2 (r)\ 



< 



< 



m 2 = 0( r 6 ). 
3 l + |log(rV5)| 



1 + r 2 J |log6| 
2 l + |log(rV&)| 



dr+ T l±jM\ dT 



\\ogb\ 



For r > QB , 

\m 2 (r)\ 



< 



\\ogb\ 

1 , 1 r 3 |logr| 2 



b\logb\ r 2 J 6Bq 1 + r 2 



dr + / r^dr 



6B 



1 + T 2 



1 



~ 6|log6| 



+ (logr) 



We now observe the following cancellation when exiting the parabolic zone r > 6Bq 
which will be important to treat the error term in the seque 3 for 6Bq < r < 2B\, 



1 V (0 r r 4 + 4r 2 logr - 1 1 ^(r) 



2 r 



o 



T 



2 r 



< 



1 f r r 4 + 4-Hlogr - 1 



o 



T 



TT, 2 (r)dT 

2 



1 + Wryf , llogrl 2 , 

jj^j ll<r<6B + Wo 



| logr 



T \ l + \\og{ry/b)\ ^ llogrl 2 , 

7 r \hgb\ ll ^ B * + TT7 2 T - 6Bo 



< 



< 



1 



6 2 |log6| 
1 



+ r 2 (logr) 



+ 



logr 



6|log6| 



(logr) 



r 4 6 2 |log6|' 

The collection of above bounds yields the control: Vr < 2B\ 
< r D l r <i + r z — - ^1 



(3.35) 



\m 2 \ 



|logb| 

, r . _ 2 l + |log(n/b)| 

|Iog6| 



l<r<6B + 77] 7]"lr>6-Bo ' (3.36) 



r l ^m 2 | < r 6 l r <i + r 2 



ll<r<6S + 



6|log6| 
1 



The b dependance is estimated using f|3.33j) : 



r 



2 rr 



\bd b m 2 \ < 

1 + J t \\ogb\ 



1 + T 4 1 



r 4 l T <i + 



r 2 6 2 |logfe| 
1 + | logr 



|logb| 



n<r<6B 



d.T 



+ 



T 



|logb| 



' 4 l + |logr| 

T l r <i H 1i<t<6Bo 

|log6| 



1 



~ |log6| 



6 2 1 + | logr - 1 1 
r l r <i +r — ll<r<6S + T^-r>6B 

|log6| 6 ~ 



(3.38) 



14 Equivalently, one should observe that the T2 equation is forced by ATi which enjoys the 

lo rl 2 

improved decay at infinity ATi = 0( ° g X ), see |33] for related phenomenons. 
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and for higher derivatives: 

1 r r 4 + 4r 2 logr - 1 

(l + r 4 )|log6| J 



bdbd r ni2 



< 



T 



4, , JlogrL 



I log-r [ 
(l + r4)|l og 6|7 



\\ogb\ 



l lo g r l 

n j i J-t<6B 



\\ogb\ 
(It 



1 



' |log6| 



r 4 l r <i + 



and hence the bounds for r < 2B 



|logr| 1 



\bd b m 2 \ < y — 77 
|logb| 

and for i > 1: 

|log&| 

This yields the estimate on T2 = for i > 0, r < 2i?i: 

I^TK^T | l + |log(n/b)| 1 



l^^l ~ liogif L 
step 6 Estimate on the error. 

construction, Q b given by (|3.8p satisfies: 

<Z> b = -b 2 Y, b + R(r) 



| logr | 1 

r lr - 1 + |b g l^ ll - r - 6Bo + W^ lr - m ° 



By 
with 

and the error to 



R{r) = b 3 



(mim 2 y , 
rm 2 



+ 6 4 


m2m' 2 




r 



m b = -& b + b 2 c b T lX B = 

r 4 r 



= ^-b 2 



We have from direct check the bouncF 2 !: for i > 0, 



- CbTiXEa 



\r%R{r)\ <b 3 



> 1 + |log(rVb)| 1 , 

— ll ^ 6fl + r 2 & 2| log6 |^>6So 

This yields using (jg^jj) , (l3~2T)) 

4 l + |log(rVfe)| ,, . 

+ — jtoibj — lx ^ 6s ° + 



r 6 l r <i + r 2 — - 

|log6| 

the bound for r < 2i?i: 



|*6| < b 3 



-lr>6B 



|logfe| 

12 the worst term is 6 3 rm2 



" 1 1 

^2 ^<r<6B + frA lr > eB o 



dr 



2 llogrl 1 

r"l r<1 +r rr 1 l<r<6Bo + T 1 r>6B , (3.39) 

|log6| - - b ~ 



(3.40) 



(3.41) 



(3.42) 



(3.43) 



(3.44) 



(3.45) 
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We therefore estimate: 



/ 

Jr<2Bi 



< ft 6 



+ 



r<2Bi 



lr<l + 
1 



' |log(ry/6)| 
|log6| 



ll<r<6B + 



W\hgbJ lr - 6B ° 



t<2B 1 



|log&| 2 

< 

~ |log&| 2 
and similarily for higher derivatives: 



T 4 



j r 



r&M 2 < 



b 5 



r<2Bi ~ |log6| 2 ' 



Moreover, the radial representation of the Poisson field and (|3.42|l ensure: 



1 / rn^TjxB^dr = / 



— - CbTxXB^ 

T 4 



tcLt. 



We estimate from (f3~24"j) . (I3~25l) . (I3~27D : 

(,2 /-r 

'0 



ft 2 n 
r Jo 



CbTiXEz 

T 4 



rdr 



~ |logb| 



wich together with (|3.43p yields the bound: 



1 



+ b b 



T<2 Bl l + T 2 ~ |log6| 2 7 T < 2Bl 1 + T 2 

1 



'4a<r<6B . 1 



+ 



l t>6Bo 



r<2Bi 



1 + r 2 



3 l + |log(r>/&)| 1 -i 

T 1 T <1 + T M , | ll<T<6B H 3l7n T7- , --r>6Bo 



|logb| 



r 3 6 2 |log6| 



~ |log6|' 2 " 



We further estimate from the definition (I1.15p : 
f \^b\ 2 

Jr<2Bx Q 



< Y z 
~ ^1=0 



\d r <t>* b \ 2 , b 5 



r<2 Bl 1+r 6 ~ llog&l 1 



(l + r 2i )|9^ fc | 2 + 

/r<2_Bi 

which concludes the proof of (I3.5p . Finally, we obtain the control of the stronger 
norm: 



/ Q|V.M^| 2 < / (l + r 2 )[|r^| 2 + |^| 2 ]+l^ 

Jr<2B 1 Jr<2B x 1 + 



./ \2 

b '_ 

A 



< 6 6 



r<2B 1 



(l + \\og{rVb)\ 2 ){l + r 2 ) ^ 1 , 

1 "i m — — J-i<r<6B + eliri — rr 1 »'>6-Bo 



llog&l 1 



r 6 & 4 |log&| 



+ 



6 4 



|log&| 2 

< JL_ 

~ IW 



■r<2Bi 



1 



+ 



1 



r 2 ^<r<6B &2 



Lr>6B 



+ 



6 5 



llog&l 1 



and (|3,6p is proved. This concludes the proof of Proposition 13,1 



□ 



:« 



Remark 3.4. Observe from (|3. 16j) and the readily verified formula 



£1™ 



1 



-{Lom)' 



that 



CT 1 = c(^)= --{LomJ = M> = AQ . (3 .46) 
\ r J r r 

3.2. Localization. We now proceed to a brute force localization of the tails of 
Xi,T2 which become irrelevant strictly outside the parabolic zone r > 2B\. We 
need to be careful with localization due to the non local structure of the problem, 
and we shall rely again on the specific structure of the Poisson equation for radial 
fields. 

Proposition 3.5 (Localization). Given a small parameter 

<6< 1, 

let the localized profile: 

Q b = Q + bf 1 + b 2 f 2 fi = XB.Ti for z = 1,2. 

Let the error: 



= V ■{VQ b + Q b V<j)Q b )-bkQ b + c h VxB Sl T l 

then there holds: 
(i) Control of the tails: \/i > 0: 

\r%f x \ <r 2 l r <i + 4,li< r <2 Bl , 



\bd b r%T X \ < \l Bl <r<2 Bl , 



ydlT 2 \<r 2 l r<1 + 



\bd b r%f 2 \ < j-L- 
|log6| 



1 + \log(rVb)\ 
|logb| 

r 2 l r <i + 



ll<r<6S + 



1 



| logr | 
|logfe| 



6 2 r 4 |log6| 
1 



(3.47) 
(3.48) 

(3.49) 
(3.50) 

l6B <r<2£i> (3.51) 



ll<r<6B + t2 — 4-'-6Bo<r'<2Bi 



(ii) Control of the error in weighted norms: 



|rV* 6 | 2 + 



1 + r 2 



+ 



< 



|£*-' 2 



Q ~ |lo g 6| : 



6 4 



|log6p 



(iii) Degenerate flux: Let < B < 20Bq and ^o.B = XB r<2 ', then 



(3.52) 

(3.53) 
(3.54) 

(3.55) 



Proof of Proposition 13.51 step 1 Terms induced by localization. We compute from 
(13^71) : 



\bd b Ti\ 



Bi 



bXB^bTi - b^f±(yx') ( - 5 - 



5i 



^5 |&<9;,rj|l r <2Bi + |7i|ls 1 < r <2S 1 . 



and the bounds ([321), d33J, §M§ now yield (EP91) . fl330l) . (l33T|) . (13321) . 
Let now the partial mass 

= / QbTdr, fh b {r) = I Qbrdr, 
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and consider the decomposition 

m{, = m + rib, rhb 
then by definition 



= m + hb, m (r) = / Qrdr, 



We compute the error 
for (US]) : 



n'b = XB 1 n' h . 

induced by localization at the level of the masses. Let like 



then: 



with 



* b = + ^CbTxXBa , $b = m'b' - ^ + - brrh' b , 

r 4 r r 



h' 1 

" - + -(n b m' + m n' b + n b h' b ) - br(m' + n' fe ) 



= n 6 

XB 1 $6 + ^6 



- &(1 - XBiWo 
We estimate from (|3~TT)) . (l3~36l) : 

|n 6 | < 6 [r 2 l r <i + |logr|l r >i 



(3.56) 



(3.57) 



+ b 2 



< b [r 2 l r <i + |logr|l r >i] , 
and for i > 1 from (|3.37|) : 

< 6 [r 2 l r <x + l r >x] + b 2 



r 4 l r <i + r 



,1 + 



|log&| 



^ 6Bo + b\hgb\ lr - 6B ° 
(3.58) 



ydiri- 1 



'6 1 ^ 



,1 + 



|iog(n/S)| 



r lr ^ 1 +r [togbj ll ^ 8flB + 6V|log6| 1 '* 6flo 



< 6 [r 2 l r <i + l r >i] . 
This yields the bound: 

lr i 8 i 7{ < ^ ,WL ,1 b 2 \logb\ b 







We compute: 

<K * 6 + 3 + b 2 c b T lXBo = XBl * b + ^ b + 

r r — r r 



% = XB 1 — + —®b 



We now estimate from (13~1D . (l3~26l) . (l3~59l) : 

6 2 



(3.59) 
(3.60) 



1*6 - XBi^fel ^ ^2 1 Bi<r<2B 



6 , 



and hence using ()3.5|) : 



.21 



6* ^ 



|log6| 2 J r > Bl L . .j 

We now estimate using the radial representation of the 
(13391) : 

for r < B\ 



6 5 



\\ogb\ 2 

Poisson field and (|3.60p . 



■A' - 
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and for r > B 



and thus from (13.51): 



rlBi<r<2Bi H — j1t>_Bi 



rdr < -1 



r>Bi 



6 < _ 4- 



6 4 < b 5 



1 + r 2 ~ |logfe| 2 i r > Sl r 4 ~ |log6| 2 ' 
This last estimate together with (|3,61|) implies from (j 1 . 1 5 j) : 



\C^b\ 2 , b 5 



< 



Q ~ |logb| 5 



step 2 Degenerate flux. 



(3.62) 



We now turn to the proof of (|3.55p . We estimate using (|2.47p . (|3.62p with the 
cancellation (|2.33p : 

\(£%,$o,b)\ < B\\£V b \\ Ll < < 

Q V6|log6| |logo| 



and p.55p is proved. 



□ 



4. The bootstrap argument 

In this section, we set up the bootstrap arguments at the heart of the proof of The- 
orem 11.11 We will in particular give an explicit description of the set of initial data 
and detail the preliminary information on the dynamical flow, in particular modu- 
lation equations. The dynamical bounds on radiation in higher weighted Sobolev 
norms at the heart of the analysis are then derived in section [5j The boostratp is 
finally closed in section [6l and this will easily yield the statements of Theorem 11.11 

4.1. Geometrical description of the set of initial data. Let us describe ex- 
plicitly the set of initial data O for which the conclusions of Theorem 11.11 hold. 
We first recall the standard modulation argument. 

Lemma 4.1 (L 1 modulation). Let M > M* large enough, then there exists a 
universal constant 5* (M) > such that W £ L 1 with 

\\v-Q\\ L x <S*(M), 

there exists a unique decomposition 

such that 

(£l,$Af) = (£l,£*$M) = 0. 

Moreover, 

\\e 1 \\ L1 + \\ 1 -l\ + \b\<C(M)5*. 

Proof of Lemma This is a standard consequence of the implicit function theo- 
rem. Let us denote 



Mod = (Ai, b), v Mod = A 2 v(Aix) - Q b 
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and consider the C 1 functional 



F(v,\!,b) 



Then F(Q, 1,0) = 0, and we compute the Jacobian at (u,Mod) = (Q, 1,0): 
d dfx 



|(«,Mod)=(Q,l,0) 

(Q,yV$ M ) = (AQ,$ M ) 
241ogM + 0(l), 



d 

(v M od,£*$M)|(t,,Mod)=(Q,i,o) = ~{Q,y- V£*$ A/ ) = (£AQ,$ M ) = 0, 



9Ai 



5 

^(^Mod,$M)|(,;,Mod)=(Q,l,0) = -(^1 ) < ^m)=0, 



96 

^(«Mod,>£ *Af)|( t ; ) Mod)=(Q,l ) 0) = £*®m) = ~(AQ, $m) 

= -241ogM + O(l) 
The collection of above computations yields the Jacobian: 



dF 



= (241ogM + O(l)) 2 > 

|0,Mod)=(Q,l,0) 



dMod 

for M large enough, and the claim follows from the implicit function theorem. □ 

We are now in position to describe explicitly the set of initial data leading to the 
conclusions of Theorem 11.11 



Definition 4.2 (Description of the open set of stable chemotactic blow up). Fix 

M > M* large enough. For < a* < a*(M) small enough, we let O be the set of 
initial data of the form 

where e$ satisfies the orthogonality conditions 

(e ,$ M ) = (eo,£*$M), (4.1) 

and with the following a priori bounds: 

(i) Positivity: uq > 0. 

(ii) Small super critical mass: 



»< J u < J Q + a*. (4.2) 

(hi) Positivity and smallness of bo: 

0<b < 6(a*). (4.3) 

(iv) Initial smallness: 

INIfl* <bl°. (4.4) 
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Observe using Lemma [4. II that O is open in £ ra( j n {u > 0}. It is also non empty 
and for example uq = Qfe ^ ^ f° r ^0 > small enough^ The positivity (|4.3p 
of bo coupled with the smallness (|4.4|) means that we are imposing a deformation 
of Q which pushes towards concentration in the regime formally predicted by the 
construction of Qf,. The challenge is to show dynamically that the solution keeps a 
similar shape in time meaning that e(t) remains negligible in suitable norms with 
respect to b(t). 

4.2. Setting up the bootstrap. Let uq £ O and let u G C([0,T),£) be the 
corresponding strong solution to (jl.ip . then using the implicit function theorem, 
the solution admits on some small time interval [0, T*) a unique decomposition 



u (^ x ) = \977s(Qb(t) +e) ( ) (4.5) 



1 

where satisfies the orthogonality conditions 

(e(t),$ M ) = (e(i) 1 £*f M ) = ) (4.6) 

and the geometrical parameters satisfy from standard argumentF^l (A(i)) G C([0, T*), I 
R^_). Using the initial smallness assumption, we may assume on [0, T*) the boot- 
strap bounds: 

• Positivity and smallness of b: 

< b(t) < lO&o. (4.7) 

• L 1 bound: 

J \e(t)\<(6*)K (4.8) 

• Control of e in smoother norms: let 

£2 = £e, 

then: 

Here (5* , X*) denote respectively small and large enough universal constants with 

5* = 5{a*) -+0 as a* 0, 

and 

iT = ZT(M) » 1. 
We claim that this regime is trapped: 

Proposition 4.3 (Bootstrap). Assume that K* in (|4.9p /ias 6een chosen large 
enough, then Vi G [0, T*): 

< b(t) < 26 , (4.10) 

|e(t)| < (4.11) 



^Observe that the positivity Qh > for bo > directly follows from (|3,19[) . p. 3 
l^see for example |18| for a complete proof in a related setting. 
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In other words, the regime is trapped and 

m* rj-i 

The rest of this section together with section [5] are devoted to the exhibition of 
the main dynamical arguments at the heart of the proof of Proposition 14.31 which 
is completed in section [6j and easily implies Theorem 11.11 All along the proof, we 
shall make an extensive use of the interpolation bounds of Appendix ICl which hold 
in the bootstrap regime. 

Our aim for the rest of this section is to derive the modulation equations driving 
the parameters (6, A). 



4.3. Setting up the equations. Let the space time renormalizatioij 15 ! 

dr x 

W)' y = W) 



■"</)■ /'v^T, V = ^- (4-13) 



We will use the notation: 



h{t,x) = ^f{s,y), r = \y\ (4.14) 



which leads to: 

dtfx = ^ d s f-^Af 
Let the renormalized density: 

u(t,x) = v x (s,y) 

then 

d s v - ^Av = V • (\7v + vV(p v ) 
A 



We expand using the geometrical decomposition ([4.50 : 

v(s,y) = Qb(s){y) + e(a,y) 

and obtain the renormalized linearized equations: 



with 



4 



E = -b s ^-c b b 2 X B t T 1 , (4.19) 
Mod = + b^ AQ b , (4.20) 

9 6 (e) = V • [e(y<f> Qb - V0 O ) + (Q b - Q)V0 £ ] , (4.21) 

N(e) = V • (eV0 e ). (4.22) 
Equivalently, let us consider the fluctuation of density in original variables 

w(t,x) = e x (s,y), 

then 

8 t w = C x w + -^Tx (4.23) 



(4.15) 



d s e - ^Ae = Ce + J 7 , T = F + Mod + E (4.16) 
A 

F = % + @ b (e) + N{e), (4.17) 

*b = V • (VQ b + Q h V4>Q b ) - bAQ b - Cb^x^Tu (4.18) 



^we will show that the rescaled time is global s(t) — s> +oo as t — > T. 
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with 

w 

C x w = V • (QxVMxw), M\w = — + 4> w . 

Qx 

4.4. L 1 bound. We start with closing the L 1 bound on the radiation (|4.1ip which 
is a consequence of the conservation of mass. This bound is very weak but gives a 
control of the solution far out which allows us to derive bounds with logarithmic 
losses, see Appendix [Ul 

Lemma 4.4 (L 1 bound). There holds: 

J \e\ < (4.24) 
Proof of Lemma \4-4\ We introduce the decomposition 

u = T2 (Q + ^) ( T77\ ) i - e - £ = £ + Qb-Q 



A 2 ^ ' V A(t). 
and define: 

£ = £<+£>, £ < =£l|e| < Q ! £> = £l e ~>Q. (4.25) 
The bootstrap bounds (jCH)) . (|4"77|) with (|3T4"9"|) . (|53Tj) imply: 

£ N|l- + |6| <*(«*). (4.26) 

Pick a small constant rf <C 1, then |e"<| > 77* Q implies <5(a*) > r/*Q and thus 
|x| > r(a*) with r(a*) — > +oo as a* — > from which: 

/ |e<| < / |e<lVQ<|e|<Q + / l^l^ed^fQ ~ / Q + V* Q 

J J J J\x\>r(a*) J 

< 5(a*)+r,*<6(a*). 
We now write down the conservation of mass which from (I4.2p implies 



£ < a 

from which using by definition £> > 0: 

\e\ < 8(a*). (4.27) 
Together with the bootstrap bound (|4.7|) and (|3.49p . (|3.5ip . this yields: 

/ N < / \e\ + Vb< d(a*) + V¥<\{5*)-± 
and concludes the proof of Lemma 14.41 □ 

4.5. Rough modulation equations. We compute the modulation equations for 
(b, A) which follow from our choice of orthogonality conditions (|4.6p . 



Remark 4.5. Here and in the sequel, we note C{M) a generic large constant which 
depends on M independently of the bootstrap constant K*(M) in (|4.9p . provided 
a* < a* (M) has been chosen small enough in Definition 14.21 



Lemma 4.6 (Rough control of the modulation parameters). There holds the bounds: 

^ + (4 - 28) 

l&.l S, &*• (4-29) 
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Remark 4.7. Note that ([4.280 . ([4.290 imply the bootstrap bound: 



A 



+ b 



+ \b s \ <b~2. 



(4.30) 



Proof of Lemma \4-6\ We make an implicit use of the bootstrap bounds of Proposi- 
tion [OTJ Let 

V y + b + \b s \, 



we claim the bounds: 



<&i|F| + C(M) 



log&| 



(4.31) 



|6,| <6* +C(M)b\V\. 



(4.32) 



Summing these bounds yields V < 6 2 which reinjected into ([4.310 . ([4.320 yields 
ijPSl) . (|CT0 . 

Proof of ([4.310 : We project ([4.160 onto <I>j\f which is compactly supported in r < 2M 
and compute from IfEEjl . (l2~39]l . (p33]l . dtol) : 



|(Mod + E,$ 



MJ 



-y(Ae,#M; 



(F,<D 



< 



C(M)|6|(|^| + ||e 2 || iag ) + C(M)„ 



< &*|F| + C(M)- 



log&| 



We estimate in brute force using (p2~39|) . (^0|) . ([3720]) : 

6 2 



1.33) 



<C(M) 



6|^| + |6 s ||(Ti,$m)| + 



|log6| 



<b±\V\+C(M)- 



b 2 



\ogb\ 



and we further compute using ([2.400 : 



(Mod, $ 



MJ 



?± + b)(\QA>u) + ChC(M)\b\\Y\) 



[(327r)logM + 0(1)] ( -j- + b ) + 0{C{M)\b\\V\). 



Injecting these estimates into ([4.330 yields ([4.310 . 



Proof of ([4.320 : We let C go through ([4.160 and project onto We compute 
from P~6l) . (gaSD , (|S35D , (|2743]1 with the degeneracy ([235]) : 



|(£Mod + £E,$ 



MJ 



A, 



My 



As 
A 



(£Ae,$m)-(£F,$m) 



-(e 2 ,£*$m) - -f(Ae,£*$ M ) ~ (F,C*$ M ) 



< 



< 



M 



+ C(M) 



(b + V) 



[Aej + [Vej 
1 + r 2 



+ 



|iv( £ )| + |e b ( e ^ + 6 2 



1 + r 2 



65 + C(M)&|V| 



log&| 
(4.34) 
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where the term is estimated from (|2.48p . (|3.53p . and the estimates of (N(e), 0(,(e)) 
terms easily follow from the bootstrap bounds of Appendix O We then estimate: 

(CE, <& M ) = b s {CT x , $ M ) + O (c{M)\b s \b + C(M)^j 

= b s [-(327r)logM + M _> +00 (1)] + O ((J(M)b\V\ + C(M)-^j . 

lr<2_Bi 



Moreover, using £AQ = 
A 



|(£Mod,$ M ) 



< 



A 



+ b 



\A(Q b -Q),C** M )\<C(M)\V\ 



1 + r 5 



1 + r 2 



< C(M)b\V\. 

Injecting the collection of above bounds into f|4.34|) yields (|4,32p . 



□ 



5. Hq bound 

After the construction of the approximate blow up profile and the derivation of 
the modulation equations of Lemma 15.51 we now turn to the second main input 
of our analysis which is the control of the Hq norm through the derivation of a 
suitable Lyapounov functional. Our strategy is to implement an energy method for 
82 = Ce which breaks the L 1 scaling invariance of the problem. 
Here we are facing a technical problem which is that the equation (|4.16p is forced 
on the RHS by the b s term in (|4.19p which satisfies pointwise the weak estimate 
(|4.29p only, and this is not good enough to close (|4.12p . This is a consequence of 
the fact that the elements of the kernel of C* grow too fast in space, and therefore 
b s remains of order 1 in e. We however claim that better estimates hold up to an 
oscillation in time, but this requires the introduction of a second decomposition of 
the flow, see for example [18] for a related difficulty 



5.1. The radiation term. We use the bootstrap bound (|4.9p to introduce a second 
decomposition of the flow which will lift the parameter b. We recall the notation 
(l2~36l) . 

Lemma 5.1 (Bound on the lifted parameter). There exists a unique decomposition 

Qb + e = Q h + e (5.1) 

with b <b <b and e satisfying the orthogonality condition 

1 

Moreover, there holds the bound: 



(e,r$ oA ) = 0, Bo = — - (5.2) 



(5 - 3) 



Remark 5.2. It is essential for the rest of the analysis that the constant in (|5.3p 
is independent of K*(M). 

Proof of Lemma I5.il The claim follows from the implicit function theorem again. 
For \b- S| < b, let the map F(v,b) = (v - Q & ,£*$ ^ o ), then F(Q b ,b) = and 

db \(b=b,v=Q b ) ob 
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We compute using the bounds of Proposition 13.5 



dQ b 
db 



1 + |log(r^/fr)| 
|log6| 



lr<6B + 'P2^a^B <t<2B 1 



and thus using (|2^0l) . (121L31) : 

( d Qb \ 

= (xB 1 T 1 ,£*^ , Bo ) + bo(j 
= -32^50 + 0(1) < 0, 



1 + \\og(rVb)\ 
|log&| 



lr<6B + 



6 2 r 4 | log6| 



L6B <r<2Bi 



and the existence of the decomposition (|5.ip with b ~ b now follows form the implicit 
function theorem. 

The size of the deformation can be measured thanks to (|4.9p . Indeed, we first claim 
that for all 4= < B < 4= : 



(Q b - Q, £*$ ,b) = -327r61ogS + 0(6). 
Indeed, we estimate from (j2.43p : 

(Q b -Q,C*$o,B) 

b(jCT u $0,B) + O f \b{f x -T x ) + b 2 f 2 \ 

Jr<2B 

By assumption, 

logS 1 



(5.4) 



log{BVb) 



|log6| 



~ |logb] 



|logfo| 2 

and we therefore estimate from (j2.40p : 

b(CT ly $ 0) b) = &(AQ, $b) = 6 [-(327r)logB + 0(1)] 
We estimate from {53gJ) , (pToTj) : 

/ 6|2\-^Ti| < / 

Jr<2B JB 1 <r<2B 1 r 

f t?\f\ < J? f U i l + |log(rv/b)| 1 -, 

< b 

and (fo~4"|) follows. 
We now claim the bound 



(5.5) 



<r<2B 1 



|6-5| < JL + ^Il 

' ' ~ |log6| V6|log6| 



(5.6) 



which together with the bootstrap bound (j4.9|) implies (|5.3p . Indeed, we take the 
scalar product of (|5.7p with ^ and conclude from the choice of orthogonality 

condition flO} and fl520), ([S3]) : 

lle2 H 



|log6||6 - 6| < |6| + |6| + |(e 2) * 0> ^)| < \b\ + 
and (|5.6p is proved. This concludes the proof of Lemma 15.1 



□ 
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db 



We now introduce the radiation term 

C = e-s = Q b -Q i (5.7) 

which we split in two parts: 

C = Cbig + Csm, (5.8) 

Cbig = (6- S)xbiTi, 

Csm = b(XBx ~ Xb x )T\ + ^ 

We let 

Lemma 5.3 (Bounds on the radiation). There holds the pointwise bounds: 

1 + r 2 ~ |log6| s 



rb 

2bf 2 + b 2 d b f 2 

lb 1 



mbl/+ ^< • , ,, 9) 



1 + r 2 7 Q 7 Q ~ |logb| 

|£C sm | 2 <^, (5.11) 

+ /^y!< * (5 , 2) 



q y q ~ iiog&i : 

VveL 2 Q with Jv = 0, \(M( 2 ,v)\ <J^\\ v \\ L 2 q , (5.13) 
1^2, C 2 )l <^ (5.14) 

Q|V " MC2 ' 2 < jlo^p- (5 ' 15) 

Remark 5.4. This lemma quantifies the fact that the radiation is a priori large, in 
particular larger than e when comparing fj5.9|) with ([4.9p . but because the leading 
order term in £ is supported along T\ , some degenerate norms like f|5. 13[) , (|5.15p are 
better behaved, and this will be essential to close the Hq bound for e, see step 6 of 
the proof of Proposition 15.71 

Proof of Lemma \5.tA Proof of (|5.9p : We have the pointwise bound using f|3.49|) : 

\r l VXM 9 \<\b-b\±f^, 

and hence from (|5.3|) : 

b 2 



I 



l V l Cbi g | 2 <|6-6| 2 < 



|log6| 2 ' 

We estimate the Poisson field using the radial representation: 



m bi J<\b-b\ 1 -^^ (5.16) 



from which: 



/ 



< 16 -6| 2 < 

rsj I I r^j 



1 + r 2 ~ 1 1 ~ |log6| 2 ' 
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Proof of (|5.10p , (|5.1ip : We have using (|5.3p . fj3.3|) the pointwise bound: 



^<r<3Bi 



+ b\b-b\ 



2 HjMryj)] 
r l r <i H — 1 



|logb| 



(5.17) 



l<r<6B + 6 2 r 4| log6 | 1 6Bo<r<2B 1 



from which using (15.31) : 



lr*VY I 2 < 

' v Ssml 



+ 



|log6| 2 

ft 4 

|log6| 2 

< 

~ |log6| 4 ' 



<r<3Bi 



l + llog^)^ 1 1 



We recall from (|3,36|) . (|3.51|) the bounds: 



i m 2. 



T 2 I 



< r 5 l r <i + 



1 + r|log(rv6)| 



ll<r<6B + 



1 



r6|log6| 



lr>2B for r < Bi, 



1 f 251 1 
%l < - / HT 2 |dr £ "T^T ^ r > 2^. 



r./ r6|log6| 



We then estimate the Poisson field using the radial representation: 



< >il+ nM 



and hence: 



r°l r <i + 



1 + r|log(rv6)| . 



1 



Ll<r<6B 



r6|log6| 



Lr>2B 



(5.18) 



1 + r 



sm I <^ 
2~~ ~ 



+ 



< 



|log6| 2 , r >, 



|log6| 2 J 1 + r 2 

b 3 
|log&| 4 ' 



5 l + r 2 |log(r^)|% 1 , 

r l r <i H p; — J-l<r<6B "l 2T2T1 JJ2 A r>2B 



|log£f 



r 2 6 2 |log6| ; 
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We estimate from (fLT5|) . ([5TTT1) . (15TT81) : 



IrV^Ul < |6-6|- 



<r<3Bi 



(5.19) 



+ 6|6-6| 
b-b 



1 + |log(r^5)| _, 1 , 

J-r<l H ^ 71 J-l<r<6B + , 2 6n rT- l 6 J Bo<r<2Bi 



r 2 |log&| 



6 2 r 6 |log6| 



+ 



+ 



< 



6|6-6| 
1 + r 5 



5 l + r|log(ry/b)| 1 

r l r <i H M _ — ll<r<6B "1 lTi T\ Lr > 2B 



|logfo] 



r6|log6| 



\b-b\- 



■Bi 



<r<3B! 



+ b\b-b\ 

and thus from (15,311: 



, l + llog^)^ 



6 2 r 6 |log6| 



>-r>2B 



< 



+ 



< 



\b-b\ 



2 1 ^r<r<3B 1 



l + |log(r\/&)| 2 . 



1 



|log6| 2 
|log6| 2 ' 



(1 + r 4 )|log6| 5 



I^Cs: 



< 



+ 



< 



^ + |iHi6p ll ^ 6B ° + 64 r 8| log6 |2 1 6^0<,<2 Bl 



|log6| 2 

fr 3 
|logfe|4' 



Finally, pick a well localized function / and let f\(x) = A 2 /(Ax), then from direct 
check: 

Cf x = X 2 A/ + 2Qi/ + V0 Ql -V/ + VQi • V0, 

A A A 

and differentiating this relation at A = 1 yields: 

£A/ = 2£/ + A(£/) - 2(AQ)/ - V</> AQ • V/ - V(AQ) • V^. (5.20) 
Applying this to £ sm and using (|5,19p . (|5. 17p . (|5,18p yields the pointwise bound: 



< 



\b-b\- 



b\b-b\ 



-<r<3B! 



l + \log(rVb)\ ^ 1 , 

±r<l H ._ 9 n_ — J-l<r<6Bo + , 2 fill i7 i »'>2.Bo 



r 2 |log6| 



6 2 r 6 |log6| 
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|£ACsm| 2 < b 3 



Q ~|log6| 2 " 
Proof of (15TT2D . ([EED : We estimate from (|5TTU]l . 1|23]> : 

|(M£C S m^)| < ||£Cs m |L|ll^ll^ < j^l 
We now compute in brute force using (|1.15|) . (|3.46|) : 



a\ lh rn XBr [AT: + 2QT 1 + V0 Q • VTi] + VQ • V<f> XBiTl + O ( 1 



XBl AQ + VQ- [x Bl V0 Tl - V0 XBiTl J =AQ + Ol J (5.21) 



and thus: 



£Cbi g = (b - b)AQ + C 

lr>Si 



£ = |6-6|0 
This yields the rough bound using ()5.3|) : 



1+H 



(5.22) 
(5.23) 



|£Cbi § |2 < \b-b\ 2 < b2 

T rvj I" "I ~ II ,u\2 



Q 



|log6| 5 



The second estimate in (|5.12p follows similarily using (|5.20p . We further estimate 
from (|S32D , dEZSD , M - (|23D . (P2~33l) . (jOj) : 



|(A^/:Cbig,«)|<|(-2,«)| + H| L?1 



|6-6| 5 



Q(l + r§)J ~^ IMIl Q 



lr>Bi 



and (|5.13p is proved. 

Proof of (IBTTID : From (ET221) . (IBTTBl . (^TUl) : 

l(A^C2,C 2 )| = |(^C 2 ,^ + /:Csm)| < 



6§ 



|log6| 



llell^ + II^CsmllLl 



< J!_ 

~ |logfe| 



b 2 



|logfep 



r> Bl 1 + ^ 



+ 



6§ 



|log&| 



~ |log6| 2 ' 



Proof of f|5. 15j) : We estimate from (|5.19p and Hardy Littlewood Sobolev: 



Si 



<r<3Bi 



.10 



+ 



|l 0g 6| 2 

+ llv0£ Csm lli4 



, l + \log(rVb)\\ 

L r<l H £7! TTo J-i< r <6.B + 



+ l|£Cs: 



I 2 , < 



r 6 |log6| 2 
6 4 



6 4 r 14 |log5| 



2l6B <r<2-Bi 



| log6 |2 ' H^mll^l ^ |lQg6|2 . 
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We estimate from (f5T22l) . ([5723]) . (f!Tl|) . ([O]) and Hardy Littlewood Sobolev: 

2 



/" Q|VA^£Ci 



big | 



< 



1 
Q 
b-b\ 



\b-b\ 



lr>Si 



1 + r 5 



UW-A 



2 < 



+ J Q\V<j>z\' 

\b-h\ 2 



Li ~ 



< 

~ |log6| 2 ' 



This concludes the proof of Lemma 15.3 



□ 



5.2. Sharp modulation equation for b. We now compute the sharp modulation 
equation for b using the lifted parameters b. 

Lemma 5.5 (Sharp modulation equations for b). There holds the differential in- 
equations: 

2b 2 „ Vb „ „ b 2 



b s + 



log&| 



C{M)- 



log&| 



log&p 



(5.24) 



Remark 5.6. Note that ([5.241) coupled with the bootstrap bound (|4.9p ensures the 
pointwise control: 

%\ < 7T~~~T[ - (5.25) 

|logfe| 

Proof of Lemma \5. 51 Proof of (15. 24ft : We take the scalar product of (|4,16p with 



^- s {(Q b -Q + e,£*% A) )} = (Q b -Q + s,d s £*% A ) + (e 2 ,£*$ 



0,B < 



A, 



0,B ' 



(5.26) 



and estimate all terms in (|5,26p . For the boundary term in time, we have from (f5T 
(E2D: 



(Q 6 - Q + e, 0i b ) = (Qs " Q + ^ £ ^o,Bo) = («S " Q> C *\b )- 
We then compute: 

±(Q b - g,r* oA ) = (a.o 8 ,r* oA ) + (q s - g.ra^). 

The leading order term is estimated using (|2.43p : 

(<9 S Q S , r * oA ) = S a (fi + S^f a + 2&T 2 + & 2 «9 fe T 2 , r* oA ) 

= b s (T l7 C*% A ) + \b s \o( [ |T 1 -r 1 |+6|^r 1 |+6|r 2 | + 6 2 |56T 2 



We have from (|2.40p : 

S a (Ti, J C** oA ) = 6 a (AQ,* oA ) = 6 a 



-(32^)logS + O(l) 
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and we estimate the error terms un brute force using the estimates of Proposition 
1331 

1 



\Tx - Ti| + fel^Txl + 6|T 2 | + b z \d b T 2 \ < 



B 1 <r<2B 1 



+ b 



< 1. 



l + |log(rV&)L 1 

i-l<r<6B + ,o 4|. rr i 6-Bo<r-<2Bi 



|log6| 



6 2 r 4 |log6| 



We also estimate using the definition (|2.36p and Proposition 13,5 



KQ g -Q,0 s r$ oA )|<|S a 



B Q <r<2B 



r 2 |£(Q,-Q)|<|6 s 



f<r<iB 



<%\- 

(5.27) 



We therefore have obtained the preliminary bound using also (|5.3p . f|5 . 5[) : 

^ {(Q b - Q + e, £*$ ,b )} = b s |-(327r)log£ + 0(1)] . 

We now estimate the RHS of (|5.26p . The main linear term is treated using (|2.33p . 
(|2.45p which yield a sharp bound: 

(e 2 X*\ Bo ) < I . \£2\<Vb\\e 2 \\ L% . 

Jr>Bo 

We estimate like for the proof of f|5.27|) : 

\(Qb-Q,d a C*$ 0i6o )\<\b a \. 

The second linear term is estimated in brute force: 



0,B ' 



(£2,— g— (rxj(-g-)r ) 

-DO -DO 



< 



-HNIIz* 



_B <r<2_B 



< 



^A l|£2|li « - 



1^2 II j -2 < \b a 



where we used the bootstrap bound ()4.9p in the last step. The leading order flux 
term is computed from ([2~40l) . (pTl3]) . (f3T20]) . ([53]) : 



c 6 & 2 (x*o r 1? £*1> a ) = -c 6 6 2 (£Ti, <& a ) + ((xbo - l)Ti, £*$ 



2fr 2 
|log6| 



32vr6 2 



l + O 



1 + 



1 



|log&| 
1 



327rlogS + 0(1) 



r<2B 



1 + r 2 



Next, from (I2~l3l . M : 



< 



& / (N + |yVe|)<v / 6(|H| i 2 + || 2 /-V £ || i2 ) 

Jr<2_B 



< 0(M)^|| e2 || L 2 



We now treat the F terms. The ^ term is estimated from the degenerate flux 
estimate ([335]): 
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To treat the small linear term 0&(e), we first extract from Proposition 13.11 the 
pointwise bounds: 



r%(Q b ~ Q)\ < \r%V^ b _ Q \ < 6 i± |loKr| 



1 + r 

which imply the pointwise bounds: 

1 + |logr 



\®b(e)\<b 



1 + r 



|Ve| + 



+ 



|ve fe ( £ )|<6 



1-HloH, l + |logr| 



1 + r 2 1 + r 3 

l V 2 



• e | + |e| |V0 e 



(5.28) 



(5.29) 



(5.30) 



1+r 1 " 1 ' 1 + r 2 ' 1 1 + r 3 'l + r 4 
We also observe by definition the cancellation (Q b (e), 1) = and therefore estimate 
from (|2.45l) and Proposition lC.il 



\(e b (e),£*$ oJjo ) 



< 



\e h (e)\ <b 



r>B 



(1 + |logr|)|Ve| ^ |j 



1 + r 



1 + r 2 



+ 



1 + r 3 



< 



6C(M)||e 2 || L a 



< 



J Q ~ |log6| 

and similarly for the nonlinear term using fjC5[) : 



|log6| ■ 



\(N(e),£*\ Bo )\ Z J\N(e)\<Je 2 + \VMVe\<\logb\ c \\e 2 \\ 2 L2Q < 

We now treat the terms induced by modulation. We use the L 1 critical relation 
/ AQ = J AQ b = 0, {SUSP , O0| and (l3~l9l) . ([33Tjl to estimate: 



\(CAQ b ,% A) )<b~2 / \A(Q b -Q)\ 

Jr>B 



< 65 / — 1 — < 

'f<K2 Bl l+^ 2 ~ |Iog6| 



Injecting the collection of above bounds into f|5.26[) yields: 



b s [-(32vr)logS + 0(1)] = 32vr6 2 + O 



|log6| 



+ c{M)Vb\\£ 2 \\ L 2^ + \b s 



Hence using (|5.5p : 



6 S + 



log-Bo | 



< 



< 



1 



jlogSo 
6 2 



C(M)>/6||e2||r?, + |S a 
6.J 



log6| 



|log6| 2 |log6| " 

and (|5.24p now follows using the bootstrap bound (|4.9p . 



|log6| 



5.3. The monotonicity formula. We now turn to the heart of the energy 
and claim the following monotonicity formula at the Hq level: 

Proposition 5.7 (Hq monotonicity). There holds: 

d f (M£ 2 ,g 2 ) ( c(M)bl C(M)b 3 \\ 
dt\ A 2 \ |log6| ™ L l + A 2 |log6| 2 J J 



□ 

method 



(5.31) 



< 



6C(M) 



6§ 



, fr 3 

|log&| l|£2|lL Q + |log6| 2 



50 



P. RAPHAEL AND R. SCHWEYER 



Proof of Proposition 15. 71 

step 1 Introduction of the radiation. 

The e equation (|4.16|) is forced on the RHS by the b s term which satisfies pointwise 
the weak estimate (|4.29p only which is not good enough to close (|5.7p . This is a 
consequence of the fact that the elements of the kernel of C* grow too fast in space. 
We therefore aim at relying on the sharp bounds of Lemma 15.51 and on the lifted 
parameter b. Recall fj5.Tj) which yields 

d s {Q b + e) = d s {Q~ b + i), e = e-(, 
and rewrite the e equation (|4.16p as: 

d s i - ^Ai = Ce + P, P = F + Mod + E x + E 2 , (5.32) 
A 



with F given by (I4.17P and: 



Ei = -CC - y AC, (5.33) 



E 2 = -CbtfxBzTi, (5.34) 

4 

Mod = -d s Q b + f j + bj Q b . (5.35) 
step 2 Renormalized variables and energy identity. Let 

w = e x , w = ix- 
We introduce the differential operator of order one: 

A x w = QxVMxw = Vw + V <p Q x w + Q X V W (5.36) 

and the suitable derivatives^! 

J wi = Axw, w\ = Axw j W2 = V • wi = Cxw, W2 = V • w\ = Cxw 
\ ei = Ae, e x = Ae ' | e<i = V • e = Ce, £2 = V • e = Ce 

(5.37) 

and similarly for the radiation: 

Ci = ac, C2 = C(. 

We compute from (|5.32p the equation satisfied by w, Wi, W2' 

d t w = w 2 + (5.38) 

d t wi = A x w 2 + -^A x Px + [dt,A x ]w, (5.39) 

d t w 2 = Cxw 2 + ^CxPx + V • ([d t ,Ax]w). (5.40) 



^which correspond to the factorization of the linearized operator £ in two operators of order 
one: C = V • (A). 
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We compute the energy identity for w 2 , and will all along the proof repeatedly use 



1 d 



2dt 



(M x w 2 ,w 2 ) = [d t w 2l M x w 2 



d t Q 



* t.2 



A 2 



+ V-([d u A x ]w),M x w 2 )- J 



dtQx . 2 



2 W 2 



J Q\\VM x w 2 \ 2 + (w 2 ,^M x £ x F x 



2Q1 

d t ,A x ]w- V(M x w 2 ) 



+ 



A 2 Q 2 



X 



+ b (AQ); 



&(AQ)a .2 

W W2 - 



step 3 Repulsivity and sharp control of tails at infinity. We need to treat the last 
quadratic term in (|5,4ip which has no definite sign and critical size for the analysis, 
and corresponds to an interaction of radiation with the soliton profile. For this, we 
will use dissipation and repulsivity properties of C measured in suitable weighted 
norms. We will in particular use the fundamental degeneracy (|2.11|l F1: 



AQ 



O 



1 



l + r< 



(5.41) 



which will allow us to measure in a sharp way the size of tails at infinity. Our 
approach is deeply related to the construction of suitable Morawetz type multiplier 
in the dispersive setting of |33| . [28j. 
We compute from (^38|) . (^40]) : 



d 
~dt 



b(AQ) 



A ~ 



X 2 Ql - W2W 



_ d \ b(AQ) 
W2W dt\-^Ql 



+ 



KAQ) ; 
A 2 Q 2 



-w 



C x w 2 + ^C x f x + V • ([dt, A x }w) 



+ 



bjAQh A 



W 2 + -^FX 



Let us compute the leading order terms in this identity. First the potential term: 

d \b(AQ) x 



dt \ X 2 Q 



1 

A 2 



AQ 
Q 2 

bsT^ - b—y ■ v ( — 



X(t) 



Q 2 



As 
A 



A 2 Q 



ib^- -2b s +0 
A 



Q 2 

\b s \+b\ 



(y) 



Next, we observe the integration by parts: 



b(AQ) 



A ~ 



A2Q2 -^2 



-2b 



wC x w 2 



+ 



1 + r 2 



b(2Q + AQ) ; 



A 2 Q 2 



wC x w 2 



2b , 

^2 / QxV(M x w 2 ) • V 



2b 
A 2 



(M x w 2 ,w 2 ) 



b_ 

A 2 



~ >7 / QaV(^ a ^ 2 ) • V 
Q x V(M x w 2 ) • V 



w 



2(f>w + 



(2Q + AQ) ; 
A 2 Q 2 



(2Q + AQ) A ; 
A 2 Q 2 



which is a consequence of the L 1 critical identity J AQ = 0. 
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We therefore obtain: 



+ 



d_ 

df. 



ee 2 



b(AQ)x . „ 



8b-^ - 2b s 
A 



b{AQ) x , 2 2b,. . „ 
Wo - — (M x w 2 ,w 2 ) 



X 6 Q 

^ y QaV(Ma^) • V 



2 ^ 



(2Q + AQ) A 
20^, H w 



\ 2 Q\ 



+ 



+ O 



b(AQ)) 



X 2 Q 2 



-w 



1 

A 2 



£ x f x + V ■([d t ,A x ]w) 



+ 



b(AQ)x , 

W 2 



A 2 



•ft 



A, 



£2£ 



A 6 (l + r 2 )Q 



(5.42) 



We now compute the energy identity for u)i using f|5.39|) : 



1 d 
2dt 



bw\ 



"'T 



d 



dt X 2 Q) 



+ b 



A x w 2 + + t^' A d™ 



We compute the dominant terms: 



d 



dt \ 2 Q> 



d_ 

dt 



X 2 Q 



~A S f\b s \+b\- 



1 

A 2 



q q 2 



and integrate by parts using (|5.36p and the definition of Wi\ 



This leads to the second identit\rj: 



ld_ \ f bw\ 
2dt\J X^Q X 



- Y2 (Mw 2 ,w 2 ) + j 2A6Q 



£ 1 



+ 6 



Wl 



+ o 



A 6 Q 



1 + r 2 



This identity reflects the fact that the dual Hamiltonian V • A\ driving the wi equation (|5.39|) 
is repulsive, and this is reminiscent from geometric equations, see |35) . |33| . 
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We combine this with (|5.42p to derive: 



+ 



+ 



+ 



d_ J f b(AQ) x 
dt 



X 2 Q 2 X ^ ~ 2 



bw\ 
A^Qa 



6(AQ) A „ 2 26 / \ j , , 

X 2q2 W 2 + ■j2{MxW2,W 2 ) 



ee 2 + e 



X 6 Q 



86^ - 2b s 
A 



A 2 



QxV(M x w 2 ) ■ V 



(2Q + AQ) A 

2<fe H ^ 



b(AQ)> 
A 2 Q 2 

b -^wV-([d t ,A x ]w)-4 
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A 2 ^ 



A 2 ^ 



A 2 



We now observe by integration by parts: 



Iq + I QVMi ' V(/)i 



and hence the cancellatio 



£2^ + ef 



(5.43) 



Similarily: 



2 / QV.M.F • V(Me - + 2 / QVTWe • V(M7 - 0*) - 4 / QVXe • VMF 



2 j if V(t) P - 2 / QVMJ 7 ■ V<A 



and thus: 



6(AQ); 



A 2 Q 2 



* r x- , - 1 x- 
-^LxFx + ^2-^2-^A 
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A 2 ^ 



A 2 



^A 



6 

A6 



AQ + 2Q ^ . 
^2 ( £jC ^ + - 2 



e x • - 2 / V<fc- • QVMF 



which corresponds to an improved decay at infinity, each term in the left hand side of (|5.43|) 
being too slowly decaying at infinity to be treated separately. 
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We finally obtain the identity: 



d 



b(AQ + 2Q) „ A 

j2 £ 2 £ - 2 



A 4 Q 2 



bii • V0g 
A 4 



A2 g2 W 2 + ^(-MaU^,^) 



+ 



f i • V<fe 



' A 



26, 



A 2 



+ 



A 6 

QxV(M x w 2 ) • V 



(2g + AQ) X ; 



A 2 Q 2 



W\ 



X 2 Q 



A 



[dt,A x ]w 



b_ 

A 6 





AQ + 2Q ^jj. + e ^ -2 I e x - V<^ - 2 / Vfe ■ QVMF 



Q 2 



\i 2 e\ + l^il 2 



A, 



We combine this with the energy identity ([5.4ip and obtain the modified and man- 
ageable energy identity: 



ld_ 
2~dt 



(M\w 2 ,w 2 ) + 



b(AQ + 2Q) A A 
A 4 Q 2 £ 2e - 2 



A 4 



(5.44) 



ex • V<t>i 



2A 6 



86^ 
A 



A 2 
2b 



1 

A6' 



+ 



2A 6 
b 

2A 2 



AQ + 2Q 



Q 2 

QxV(M x w 2 ) ■ V 



(iCS + e 2 ^) - 2 / ex • V^-e- - 2 / V^ e - • QVMF 



(2Q + AQ) A 
2<p«, H rrrrTo it) 



[a t ,^ A ]u;-V(7WA^2) + 



6(AQ) 



A 



2A2Q2^ V -(^^)- 26 



Wx 



[d t ,A x ]w 



+ 



+ O 



w. 



7,2 



+ 6 (AQ)a 



|e2e| + l^il 2 n t I , fi A s | 

aw) (|6s| + 6| a' 



We now aim at estimating all terms in (|5.44|) . We will implicitly use the bounds of 
Lemma IC.ll We will make an essential use of the improved decay (|5.4ip . 



step 4. Boundary term in time. We estimate using Lemma 15.3 



b(AQ + 2 Q) 
A 4 Q 2 



-e 2 e 



< A 



\e 2 e\ 



A 4 J (1 + r 2 )Q ~ A 4 



<JL( 1^1 

Q 



< 



< 



C(M)b 

C{M)b 3 
|log6| 2 



Nik + HC2IH2 +\\C\\h + \\e\\h 
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and using (|Cl2]) . (1051) : 



^4 / ■ V ^ 



<^( l(l+r 2 )\ii\ 2 



1 + H 



< _ 

~ A 4 

< 1 
~ A 4 



/(i + - 2 )kii 2 + / ^ + /(i + - 2 )ivci 2 + j Ki 2 +y y 

C(iW> 3 



21 



+ H 



|1ok6|° ( lleallls + 



|logfep 



~ |log6|2 



step 5. Lower order quadratic terms. We now estimate the lower order quadratic 
terms in the RHS of f|5.44[) . First the terms which are estimated using dissipation, 
(jC.ip and Lemma 15.31 



^2 J QxV(M x w 2 )-V 



(2Q + AQ) X 

2<t>W H TTTTTo W 



< 



100 



g A |VA^ A u; 2 | 2 + 



A 6 



Q 
b 2 



-mj Q^Mxw 2 \ 2 + C(M)^r 



A 2 Q 2 
|V<fe| 2 + 



|Ve| ! 



+ 



(l + r 4 )Q 2 (l + r 6 )Q 2 
6 2 



q |log6| 2 

Next, we observe from (|5.36p and (|5.4ip the decay estimate: 



m,A X ]w\<jp 



1 + r 3 1 + r 4 
which leads using (jC.ip . f|C.2[) . (|C.5|> to the bounds: 



[dt,A x ]w- V(M x w 2 ) 



1 



< 



100 



Qx\VM x w 2 \ z + C(M) 



100 

h ! 

A 6 



< T7^ / Qa|v^ a ^ + c(m)^ y - 



1 



1 + r b 



1 + r s 



6(AQ) 



A 



~ A 6 



[log6| 2 



< * 
~ A 6 

< £ 
~ A 6 



6 

< * 

~ A 6 

< » 

~ A 6 



|log6| C ||£2||i 2Q +/ lC| 2 + /(l + r 2 )|VC| 2 + |^ 



1 + r 3 1 + r 4 

|V0 C l 



]V£[ 
Q ' (l + r)Q 



+ 



|log6| c ||e 2 ||^ + 



b 2 



A 2 ^ 



•[3t,A A ]«> 



|log6| 2 
~ A 6 7 Q 



1 + r 3 1 + r 4 

2 



/(i + - 2 )N 2 + / N 2 + / + / ICI 2 + /(I + r 2 )|VC| 2 + / l j 



+ H 



We now estimate using from (|4,28p . (|5.3p . (|5.25f> the rough bounds: 



A, 



<b, \b s \<b 2 
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and therefore: 
2A 6 



< * 

~ A 6 



*&y - 2b s 
b 2 



< b l 
~ A 6 



/ \ii ■ Vfc| < £ [llog^lMli. +b 4 + J (1 + r 2 )|V C | 2 + / ICI 2 + / £££ 

fr 2 ' 
|log6| 2 J ' 



|log6|°||e 2 ||t a + 

Q 

and for the error term: 



< $/ [(l + r^ + tl + rW + l 8 



|£2 " l q + |log6| 2 
We now estimate using the bound (j4.28j) . fl5.3j) : 



~ |logb| 



Note that this bound is very bad to treat the radiation term ( and we will need 
some additional cancellation. We recall the decomposition (|5.22j) . (|5.23j) and first 
estimate using Lemma [5.31 



w. 



:,2 



X 2 Q\ 



A, 



+ b (AQ); 



~ |log6|A 6 



(e 2 + £Csm + £ + (b - b)KQf 



< 



+ 



|log6|A 6 
b 



INIl!.+ll^ll!j + ll«ll!»+^ 



Q 2 

2 



AQ 



\logb\ 



J (S 2 + £Csm) 



(AQ) 2 



Q- 



+ 



< A 

~ A 6 



M| L 2 + + 



|log6| 2 
b 2 



r>Bi 



1 

1 + r 4 



|log6| ' |log6| 2 |log£<| 2 

We now use the cancellation (|5.41|) to estimate 

AQ 



AQ 



and hence using (|2.33p . (|5.1ip : 

(AQ) 2 



Q 2 



< 



l-^-Csml 

1 + r 2 ~ 



AQV 

Q / 



1 + r' 



+ 



\]ogb\' 



(£ 2 + LC, sm ) q 2 



\]ogb\ 



AQ 
Q 



We now claim the algebraic identity 

.M(A 2 Q) = 

which is proved below, and conclude using (j2.4[) : 

J (^) 2 AQ = (^(A 2 Q), AQ) =-2 J A 2 Q = 0. 



(5.45) 
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Finally, using (IQ51) . (g3D , (H33}, (05b : 

(AQ) 2 



£2, 



Q 2 



< 



< 



< 



(e 2 ,M(A 2 Q + 2AQ)) 
Q\V(Me 2 )\ 2 
Q\V{Me 2 )\ 2 



Me 2 V ■ (r(AQ + 2Q)) 



! (AQ + 2Q) S 



Q 



|log&| 2 , 

The collection above bounds yields the admissible control: 



w 2 

vol 



y + 6) (AO)A 



< A 

~ A 6 



,8,1 , fo3 



J o |log&| 2 



+ 



100A 6 



Q|V(.Me 2 )| 2 . 



Proof of (|5.45p : For any well localized function, we have the commutator formula: 
from which using (|2.4p . (|2,lip and the critical relation J AQ = 0: 



M(A 2 Q) = A(MAQ) + 



AQY 
Q J 



x ■ X7Q 

~Q 2 ~ 



AQ - 2^ AQ = -4 + 



(AQ 

V Q 



+ 



AQ 
Q 



step 6 Leading order E 2 terms. We claim the bounds: 
\(i 2 ,MCE 2 )\<b 



hi t b 3 



(5.46) 



J Q + *Q ( iCE2 + i%E ^ -2 J e x - V<fe 2 - 2 J Vfe • QVME 2 



< b 



bl 



e 2 l£ + 



b 3 



|log&| " w " lr « ' |log6| 2 
Proof of (ETTTl : We compute using (|2~33|) and CTi = AQ: 



(5.47) 



{e 2 ,MjC{xEzTi)) 



(e 2 ,MC[(l-xs<x) T i 



i$ N||l& 



W-xa)Ti]| 
4 

Q 



2\ a 



We now estimate using the radial representation of the Poisson field and ()3.2|) : 



(l-XBn)Tl 



1 - XEn) T i TdT = ° 

4 



logr . 



and hence the pointwise bound: 



|£[(l-XBo)ri]|< 



1 + r 



4 r>- 



(5.48) 



(5.49) 



which leads to the bound: 

{e 2 ,c b b 2 MC( X B Sl T 1 )) 

4 



< 1- 
~ llogb] 



I £ 2||l2 



> b q 1 + H 

4 



< 6- 



6§ 



lo g 6| l|£2|lL Q' 
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We treat the term involving the radiation as follows. Arguing like for (|5.2ip . we 
estimate: 



C{ X b sl T 1 )=KQ + 1 i = 

4 

from which using (lOTj) . (f03|) . (l2~2l) : 



r>- 



1 + r 4 



(5.50) 



|(/:Cbig,^£i? 2 



= c b b 2 

< 

~ |log6| 



((b-b)AQ + £,M(AQ + 0) 



\b~b\ I / |f| + 11^^11^ 



< 

~ |lo g 6|2' 



Similarity, using (12331) . ipTTOjl . ([530H : 



|(£C sm ,.M/:£2 



c fe 6 2 



(£Csm,A^(AQ + 0) 

6 2 



< 



(£( sm ,M0 
b 3 



~ |logb| 



II^CmlliA^lliA 



|log6|2 V|log6|V V^o 2 



! \3 < b 4 



and (|5.46p is proved. 

Proof of (|5.47p : We estimate in brute force using (|5.50p . (jC.ip and Lemma [573 

!> 2 



Q 2 



< b- 



1 



|logb| 7 (l + r 2 )Q 



|g| , |g2| 

1 + r 4 1 + r 2 



< 6 



|log&| L 



k||L2 + 116211^ + ||C 2 || L 2 q + ||C|| L 2 



< b 



Similarily, using (|C,2p and Lemma 15.31 



6 2 b 3 
C(M)—-\\s 2 \\ L2 + 



\\ogb\ 



J ei • V0ij 2 



< 6 

< 6 

< 6t 



b 2 



|log6| 

fr 2 
|log6| 



1 + | logr | 
1 + r 



« |log6| 2 

ICI 



M + |VC| + Q|V0 c | + T 



(l+r 2 )ki| 2 + |C| 2 + (l + r 2 )|VC| 2 + ^ 

1 + r z 



|log6| 

and using an integration by parts: 
V# • QVME 2 



C(M)\\e 2 \\ Ll + 



Q |logb] 



< 6 



6 2 6 3 



|logb| 



J <? |log6| 2 _ 



b\(Qe + VQ-V(f>g,ME 2 ) 



< b 

< 6 

< 6 



6 2 



|log&| 

b 2 
\logb\ 
b 2 



jfj IWgj 

1 + r 4 1 + r £ 



(1+r 2 



l^| 2 + 



|logb| 



(l + r 2 )(l + |logr| 2 ) 
C(M)||e 2 |U + h " 



J Q |log6| 2 
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and (|5.47p is proved. 

step 7 terms. We now estimate the type of terms. From (|3.54p . 



< 



< 



Q\VM^ b \ 2 



Q\VMe 2 \ 2 



Next, from (137531) : 
b_ 



AQ + 2Q ~ 



Q 2 



< A 



From (f3753|) . (1(IT1) : 



6 [AQ + 2Q ~ 



Q 2 



From (13331) . (Rl2l) : 



< 



< 



< 



A 6 7 Q(l + r 2 
C(M) 6 bl 



\1ogb\< 



< -P|| L2 ||£* b ||^ 



A 6 |log6| 

|£2^fe| 



INIIia + HCIIl" 



<A 

~ A 6 



& 2 lk2|| L 2 + 



b 3 



|log6p 



A 6 7 Q(l + r 2 ) ~ ^NIl* IWb 



6 b 2 
A 6 |logb| 



NII^ + IICII^ 



<A 

~ A 6 



b 2 \\£2\\ L % + 



b 3 



|log&p 



^6 / ei ■ V<% f 



1 + r 2 



|2\ a 



< 



6 62 
A6 |l og 6| 



C(M)|| £2 || l2q + ( / |VC| 2 + 



ICI : 



1 + r 2 



+ 



1 + r 4 



< 



b 

A« 

Finally, from (f3753|) . (^5l) : 



^ 2 II £ 2||l2 + 



6 3 



<A 
~ A 6 



o |lo g 6| 2 

|V0 £ - 



1*6 



< A 
~ A 6 



|V<fc| 2 + |V^ C | 2 N -' 



1 + r 2 



1 + r 2 



< 



b 6§ 
A6 |l og 6| 



|log6| c ||e 2 || L 2 + 



(1 + r 2 
6 



|V* 6 | + ^ + 0|V^ 



|logb| 



< 
~ A 6 



1 + r 2 
& 3 



Q |log&| 5 



step 8 Modulation terms. We now treat the modulation parameters given by 
(|5.35p which require the introduction of the lifted parameter b and the radiation 
term £&. We decompose: 

Mod = Mod + Modi, 

Mod = -d s Q 6 , (5.51) 



Modi = 
and further split: 



+ b) AQ b 



+ b (AQ + bAfi + b 2 Af 2 ), 



(5.52) 



Mod = Mod 



0,1 



Mod 



0,2, 
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Mod ,l : 
We claim the bounds: 

|r i ^Mod i| 2 + 



/ i9T <9T 

b B Ti, Mod , 2 = -b s f ! - Ti + b^- + 2bf 2 + b 2 -^- 



Ir^^Modo^l 2 + 



|£Mod ,i| 2 
|£Modo, 2 | 2 



+ 



|V(/>Modo,i| 2 ^ ,£ ,2 

1 + r^ 



Q 



+ 



|V^Mod , 2 | 2 ^ u\u 12 

= — S b|b s | , 



1 + r 



Ir^Modil 2 + 



IV^ModJ 2 



< 

1 + r 2 ~ 



As , 
A +b 



bCModjf < 2 
Q 



A. 



+ b 



(5.53) 
(5.54) 
(5.55) 
(5.56) 



Proof of (|5.53p : This is a direct consequence of (|3,18p , (|3.19p . 
Proof of (15341) : We estimate from (EM . (l3~50l) . (l3~5TD . (l3~52D : 

r 1 -r 1 + 6^ + 25T2 + 6 2 ^ 



(5.57) 



< 



lBi<r<2Bi 



+ 6 



, l + |log(n/S)| 1 

r l r <i H ll<r<6B + JfoA L Bo<r<2B 1 



|log&| 



and using the radial representation of the Poisson field: 



<6(l + r)l r < Bo + 



L r>B 



(5.58) 



This yields: 

7-^Modo,2| 2 < \b s \ 2 



lB!<r<2Bi +b 2 1 + |lQg(r\/b)| l 



< 



b\b s \\ 



|V0Mod o , 2 | 2 / ,r ,2 

— T~T^ — ~ b * 

1 + r z 



1 + r 4 



1 

1 + r 2 



|log&| 



Ll<r<6B j + ^2^8 ^B <r<2B! 



6 2 (l + r 2 )l r < Bo + 



lr 



r>B 



b\b s \ 2 , 



and similarly using the explicit representation f j 1 . 1 5 [) : 

< b\b s \ 2 . 



|£Modo, 2 | 2 



Q 

Proof of (|5.55j) : We extract from (|3.49p . (|3.5ip the rough bound: 



r l 8l Ti + ftTs 



< 



1 



1 + r 



rlr<2Bi; 



I < 1 + l lQ g r l 



(5.59) 
(5.60) 



This yields: 



Ir^lModiil 2 < 



|V0Modi,i| < 
1 + r 2 ~ 



+ b 



+ b 



< 

1 + r 4 ~ 



1 + |logr| 2 
1 + r 4 ~ 



+ b 



+ 6 
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Proof of ([536]) : We use the cancellation CAQ = 0, the bound ([539]) . (f5T60|) and the 
explicit formula (|1.15p to estimate: 



|£Modi,i| 2 



<b 2 



1 + r 



1 11 + |logr| 2 

4ll<r<2Bi H 



1 + r b 1 + r 2 



<6 2 



We are now in position to estimate all terms in (|5.44p . From (|5,13p . (|5.54p . f|5.56|) : 



(e 2 ,.M£Mod) 



< 



+ IMIl2 



||£Mod ,2|| L 2 + ||£Modi|| L 2 



< IMb + 



6l 



Q |log6| 



||£Modo, 2 || L 2 +||£Mod 1 || L 2 



Vb\b s \ + b 



J Q |log6|^ 

We now use the pointwise bound (|4.28p and in a fundamental way the improved 
bound (I5.25P which motivates the introduction of the lifted parameter b s to conclude: 



(i 2 ,MCMod) 



< 



Mlz2 + 



bl 



\logb\ 



h 2 h 2 
Vbj^T + bC{M) 



|logb| 



|logfe| 



< b 



bl 



Jlog6| 

Next, from ([Oft . (1^28]) . (^25]) . (IClT) 
AQ + 2Q 



l £ 2|| L 2 + 



6 3 



« |logfo| 2 



<2 2 



-e£Mod 



< 



6||£|| i2 ||£Mod||^ < b [C(M)|| E2 || xag + ||C|| La 



< b 

< b 



C ^ 2 H + ^ 
b 3 



\logb\ 



6i 



|logb| 



\ £ 2\\l2 + 



« |log6|" 



\b s \+b 



Similarily, 



AQ + 2Q 
Q 2 



£ 2 Mod 



< b 

< 6 



IMI^ Q + UCIL2J ||Mod|| L2 
b 



< 6C(M) 

< 6 



|logfe| 

£ 2|| L 2 + 



6 



|logb| 



b 2 



|logb| 



||s 2 |U+ C(M) 



|logfe| 
|logfe| 2 



ei • V0 



Mod 



< 6 

< 6 

< 6 



(l+r 2 )| £l | 2 + / | C | 2 + (l+r 2 )|VC| 2 + 



1 + r 2 



C(M)\\e 2 \\ Ll + 





\\ogb\ 



Q |logb|. 
|e 2 || L ; . +C(M) 



6 3 



+ 6 



|logb| 5 



|V</> 



Mod 1 



1 + r 2 
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and using (|C.5P : 



Vfe ■ QVMMod 



< b / |V& 



|VMol| + ^ + |V ^' 



1 + r 1 + r 4 



< b 



1 + r 2 1 + r 2 



(1 + r 2 )|VMod| 2 + |Mod| 2 + ^M°| 

1 + r z 



2\ 2 



< 6(|log&| c |M| 2 2 +6 10 + 

Q 

b 2 



b 2 



|log&| 2 



6C7(M) 



|logb| 



|log6| c ||e 2 || 2 2 +6 iU + 



10 



N + 
b 2 

|logfep 



+ 6 



< 6 



3 o 

— — £ 2 | L 2 +C(M)— — 
|log6| MjL « |log6| 2 



This concludes the control of the forcing induced by the modulation parameters, 
step 9 Ei terms. We split 



E 1 = -( 2 + E 1>1 , E h i = —±A£. 



£2 terms: Fom f|5. 15|) : 

\(i2,M£( 2 ) 



Q\VMe 2 \ : 



< 



QIV.MC2I 
b 4 



\\ogb\ 



2 • 



Next, after an integration by parts: 
AQ + 2Q 



Q 2 



-e£{ 2 



< b 



< 



b 2 



QIV.MC2I 2 

b 



|Vef + 



1 + r 2 



llogfep 



< b 



6§ b 3 
\\e 2 \\ L2 +C{M)- 



\\ogb\ 



\\ogb[< 



Similarily, using Lemma [5.31 



Vfe • QVM( 2 



< b 



< b 



1 + r 4 



Q|VA^C 2 | 2 



b 2 



\\ogb\ 



C(M)\\e 2 \\ L2 + 



b 



< b 



&2 



M| L 2 + 



Q \logb\_ 
b 3 



|log6| "^ IIYj q |log6| 2 
To control the last terms, we introduce the decomposition from ()5.22|) : 

lr>Bi 



c 2 = (b - b)AQ + c 2 , c 2 = e+^Csm, z = \b-b\o 



1+r 4 
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Observe using Lemma 15.31 that: 



lie 



< 



+ 



211/12 J |log6| 2 ' |logfo| 2 J r > Bl 1 + r 8 ~ |logfo| 2 r 



i < v 



and using by construction J* C2 = and (|A.5[) : 



6 3 



|V0 6 I 2 <IIC 2 ||| 2q < |log6|2 . 



(5.61) 



(5.62) 



We therefore estimate in brute force: 
AQ + 2Q 



Q 2 



-£2(2 



< b 



< b 



M| L 2, + II^IIl^J 1 1 C2 1 1 x, 2 



I £ 2||l2 + 



< b 



\logb\ 

bl 



log&| 
6 3 



Similarity, 



'/ ki-V^-J <6(|(l + r 2 )| ei | 2 ) 2 (j 



jlog6| ulj Q |log6| 

|v* 6 



|2\ 2 



1 + r 2 



< 



bC(M)\\e 2 \\ L 2 



Q \\ogb\ ' 



and for the term induced by the radiation using (|5.62p . ()5.6ip and the degeneracy 
(IOTP : 



QV(M() • V0, 



C2 



C2 



'ft 



~ |log6| 



<6|6-6| J (2<f>AQ +b J |V^ 2 | 
6 3 



IIC2IU2 + 6——^ < 



It remains to estimate the term: 
6(6-6) 



AQ+ 2 2Q i 2 AQ-2 j ex-V^aq 



Q 2 



log6| 2 ~ |log6| 2 

AQ(AQ + 2Q) 



6(6-6) / £ 2 



Q 2 



Here we need an additional algebra in order to be able to use dissipation 20 !. We 
compute from (|'2.11|) : 

AQ(AQ + 2Q) ^ f AQ\ 2 
+ 2 ^ q = \-q) " 4 

We now use (|5.45p . integrate by parts and use the degeneracy (|2.33p and (|5.4ip to 
estimate: 



£2 



AQ(AQ + 2g) 
Q 2 



+ 24>AQ 



£ 2 M(A 2 Q) 



j £ 2 M(A 2 Q + 2AQ) = J M£ 2 V ■ (r(AQ + 2Q)) 



Q\V{M£ 2 ) 



r 2 {AQ + 2Qf 

Q 



< 



Q\V(M£ 2 ) 



20 



for which a better bound than for || £2 H^a holds in time averaged sense. 
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and hence the control of the last term: 

KQ + 2Q 



b(b - b) 
b 2 



~ |log6| 



Q 2 



Q\V(Me 2 ) 



e 2 AQ -2 if V^aq 



- ml QW Mi *)\ 2 + c \ 



b A 



|logt»| 2 ' 

Ex i terms: We systematically use the rough pointwise bound from ([4.280 : 



< b. 



For the first term, we estimate first using the decomposition (|5.22j) . (|5.23|) and 
floTTUD : 

b\(i 2 ,MjO(AC am ))\ <6|(e + £Csm,^>C(AC sm )| + 6|| £2 || L2Q ||£(AC sra )|| i 2 
< b[ I - — —- — + / — - — ) \\£{A( sm )\\ L 2 + b- — rrlMlza 



.> Bl |log6| 2 (l + r 8 )Q 



Q 



• i b 3 y / b 3 y bl < 6 4 bf 

~' |log6|V V|log6| 2 y + |log&| l|£2|lL e ~ |logfo| 2 + |log&| 



o |log6| Q 
£ 2|Il2 • 



We now observe using ([3.190 the cancellation 



which implies 
J Q\VMA(xB,Tt)\ 

from which: 

6|(e 2 ,A4£(ACbi g 



2 < 



r l di(AT x ) = O 



I |V f^;I ir + /(! + r^lVACxs^!)! 2 + (1 + r 2 )|A( XB: 



1 + | logr | 
1 + r 4 



< 1 + 



B 1 <r<2B 1 



1 + r 2 ^ 



< 1 



6|6-6| 



QVMe 2 • VMA( XBl T 1 ; 



We further estimate using Lemma l5~3 
AQ + 2Q 



Q 2 



-i£(bA() 



< 6 2 ||f|| L2 ||£AC|| L2 <6 



C(M)\\e 2 \\ L2 + 



|Iog6| 



|log6| 



< 6 
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6 3 



|log6|" |log6| 2 



05 



AQ + 2Q . 

Q2 £ 2(&AC) 



< b 2 \\e 2 \\ L2 JAC\\ L 2<b 



IM| L 2 + 



Q |log6| 



6 2 



|log6| 



< 



|log&| 2 |logfe| 
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&^^lle 2 || L 2 



< 6 2 (l + r 2 )| £l | 2 + (l + r 2 )|VC| 2 + |C| 2 + 



< 6 2 



1 + r 2 



|v(y-V0c)l ; 

1 + r 2 



C(M)\\e 2 \\ L 2 + 



|log&| 



and using Proposition lC.il 



y V4--QV7W(6AC) 



<b 



|log6| ~ |log6| 2 |logb| 
AC 



Q 



+ 6 2 



< ^ 2 I|AC||l2 



\i\ 2 + 



1 + r 2 
|log&H| e2 |U + 



1 + r 4 



V</> £ - • QV<£ A < 
1 + r 4 



~ |logb| 



< b 4 b§ 
|log6|7 ~ |log6| 2 + |log6| l|£2|lL Q' 



(5.63) 



step 10 Non linear terms. We estimate the contribution of the non linear term 
N(e) = V • (eV(/) £ ) = e 2 + Ve • V<^ £ . 
We decompose using (|2.9|) : 

QVTWiV(e) = ViV(e) + QV</» A r (e) + N{e)V<j) Q = Si + 5 2 

with 

Si = 2eVe + V 2 e • Ve + QV<f> N{e) + iV(e)V0 Q , 5 2 = V 2 e.V<^. 
We claim the bounds: 

V2 < p < +00, IIV^Ulp < C(p)\logb\ c ^ \\\e 2 \\ 2 L2 + ft 10 



\N(e)f<\logb\ c \\e 2 \\l 2 +b 2 », 



|V-^| 2 



/ 



< |log&| c |M|4 , +6 20 , 



' 2| < ll,-,!! 4 : 



>,20 



y(l + r 2 )|5 2 | 2 <|logb| c || £2 ||i 2Q +fe 2 
Proof of (|5.64p : We estimate from Sobolev and Plancherel: 

l|V 2 £ || L ~ < ||V 2 £ ||^ < < C(M)|| £2 || l2q . 

We then estimate from Hardy Littlewood Sobolev: 

2p 



(5.64) 
(5.65) 
(5.66) 
(5.67) 
(5.68) 
(5.69) 

(5.70) 



1 1 V^,) 1 1 lp < \\N(e)\\ L r with r 



P + 2 



G (1,2). 
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Then from Sobolev and (|C.6j) . (|5.70p : 

\\N(e)\\ L r < 11^ + ||Ve ■V^|Ur<|| E ||| a + ||Ve -V^Hhi 



< 11* + 



V0 e 



[l + r)Ve|| L2 + ||(1 + r)V 2 e\\ L 2] + ||V 2 </> e || L ~ ||Ve|| L 2 



1 + r 

< |log6| c (|M|^+6 10 )|| £2 ||^ (5.71) 
and ()5,64p follows. 

Proof of (|5.65p : It follows from the chain of estimates (|5,7ip with r = 2. 
Proof of ()5.66p : We estimate in brute force using (|5,70p , ()5,64p , (|5.65p : 



Jjt^q * (ni 2 ^ + iiv^ii^) /(i+*p+/^+/w 

< C(M)||e 2 || 4 + ||V^ (£) ||i 4 + |log&n|e 2 ||^ + b 20 

< |log&| c || £2 || 4 2 + b 20 . 

Q 

Proof of (|5.67|) : We compute: 

V • Si = 2eAe + 2\Ve\ 2 + V • (V 2 c/> £ • Ve) + VQ • V<f> N(e) + 2QN(e) + V0 Q • VN(e) 
and hence the bound: 

|V-5i| < | e ||A e | + |Ve| 2 + |V 3 £ ||Ve| + |VV £ ||V 2 e |+ |V07V(£)I 



2 



1 + r 5 

| £ | 2 + |y g ||v^| | £ ||v e | + |v 2 e ||y g | + |v 2 £ ||V0 e | 

l + r 4 1 + r •■)./) 



We have the nonlinear estimate using Sobolev: 

|V6| 4 



< ||Ve| 4 + E 2 =i y*|V[(l + ^)e]| 4 

S 2 =1 (| |V[(1 + ^]| 2 ) (/ |V 2 [(l + ^)e] 



< 11* + 



c(M)||e 2 || 4 2 
Similarity, using Lemma IA.1I with p = 1 : 

| ivv £ i 4 +s 2 =1 | iv[(i+^)v 2 0jr 



|V 3 <fe| 4 < 







< HV^II^+EiJy* |V[(l + x 4 )V 2 £ ]| 2 ) (| |V 2 [(l + x 4 )V 2 £ ] 

< 11* + ^ 2 =i (|| £ ||^ + J n 2 |v 2 (v<«| 2 ) (|| £ ||| 2 + 1 M 2 |v 2 (v 2 ^)| 2 ) 

< \\sf H2 + E 2 =1 (||e|| 2 ff2 + | N 2 |A(V</> £ )| 2 ) (j|e||| 2 + j M 2 |A(V 2 £ )| 2 ) 
+ (ll* + j N 2 |V(A</> £ )| 2 ) (\\sf H2 + j N 2 |V 2 (A0 £ )| 2 ) 



< 



C(M)||e 2 || 4 . 
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We then estimate using (1^641) . ([5770]) . (15^2]) . (jCH]) . (CT) : 



IV -^ll 2 < ,,,,12 

^ II £ IIl 



Q 



\Ae\ 2 , /*|Ve| 4 + |V 



+ 



Q 

|V0iV(e)| 2 
1 + r 6 



+ 



HI 4 



V0 £ l|2 



1 + r 1 



|Ve| 2 



2_|2 



|V 2 £ 



l + r 2 



+ (Nli- + 11^111-) /(l + r 2 )|Ve| 2 + 11^11^/(1+01^ 

< C(M)\\e 2 \\i % + ||V^ (£) ||| 4 + \\s 2 \\ 2 L2 \logb\ c (|M| 2 + b 

< |lo g 6| c ||e 2 ||^+6 20 . 
Proof of ([5S5D , dSSSJ): From 



|5 2 



Q 



< I|v<a 112 



e|lL°° 



2^12 



|V 2 £ 



< lie II 100 



From (EI61) : 



f(l+r 2 )\S 2 \ 2 < /(l + r 2 )|V 2 e| 2 |V0 £ | 2 < ^ ' Nik < |log6| C |k 2 || 4 L2 +6 20 . 

We are now in position to obtain admissible bounds for the nonlinear terms in 
(joTHj) . From (^B3|) . (j!T2|) and the nonlinear estimates (f5T67|) . (j5"69|) : 

|(e 2 ,^£iV(e))| < |(Xe 2 , V • 5i)| + |(VAte 2 • S 2 )\ 



< MvjV-StWq + i I Q\VMe 2 \' 



\S 2 



< 



100 

1 



Q\VMe 2 \' z + C(M)\logb\ c \\e 2 \\ L 2 



Q 



\£2\\v + b 

Q 



+ C(M) \\e 2 f L2 ™ 



< / Q|V_Me 2 | 2 + C7(M) 



w*IMlk + 



j q |log6| 2 

We estimate the radiation term using Lemma [5.31 

\(( 2 ,MCN(e))\ < \(M( 2 ,V-S 1 )\ + \(VM( 2 ,S 2 



< 

~ |logb| 

< A_ 

~ |log&| 

< 

~ |lo g 6| 2 ' 



\\V-Si\\ L > Q +[ I Q\VM(2\ 



Q 



|iog&| c |M| 2 2 +b 



10 



+ 



|log6| 62 L g 



Next, using the degeneracy (|5.4ip and integrating by parts: 

1 



< b 



(l + r 2 )Q 



|^V-5i| + l^| + |Ve||5 2 | 



l + r 



< 



\4l2 + \\(\\l2) ||V-5a|| i2 +||(l + r)5 : 



2||i2 



+ 6(11(1 + r)Ve|| L2 + ||(1 + r)VC|| L 2)||(l + r)S : 



£ MIMIl? + 



q |logb| 



|log6| c ||e 2 || 2 2 + b 10 



2||L 2 



~ |logb| 
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Using (IE64D . (I02]l : 



< b 



< b 



J Ei ■ V4>N(e) 

/(i + - 2 )N 2 + / ICI 2 + /(i + r 2 )|vci 2 + / " ( J 



C(M)\\s 2 \\ L2 + 



|log6| 



l|V^( e) |U4<6|log6| 



c 



C(M)||e 2 || L 2 + 



|V0JV(e) l 
1 + r 2 

6 



2 \ 2 



|logb| 



Nik 



~ |log6| 



Using (ET53I) . (ET55I) . (^69]) and (1CT5|) : 



V^ e - • QVMM{e] 



< b 



|V0 g | ; 
1 + r 2 



+ 



1 + r 2 



(l + r 2 )(|5i| 2 + |5 2 | 2 ) 



< MIMI L? + 



6 



~ |log6| 



q |logb| 
M^+fc 4 



|log6| c [[leafe+ft 
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step 11 Small linear terms. We estimate the contribution of the small linear 
error 06(e) given by (|4.2ip . We expand: 

6 (e) = Ve ■ V(t>Q b _ Q + 2(Q b - Q)e + V(Q b - Q) ■ V<£ E . 

We claim the bounds: 

r \e b (e)\ 2 <b 2 C(M)\\e 2 \\l^ 
|V0e b(£) | 2 



1 + r 2 



<b'C(M)\\e 2 \\U, 



Q\VMQ b {e)\ 2 <b 2 C{M)\\e 2 f L2 

Proo/ of (15~TH1) . dESJl, (I5T5D : We recall the pointwise bounds (153511 . (jOO]) : 

'1 + |logr| 



(5.73) 
(5.74) 
(5.75) 



|e 6 (e)|<6 



1 + r 



■|Ve| 



|V0 fe (e)|<6 



1 + |logr| 2 + 1 + |logr 



1 + r 2 1 + r 3 

|v 2 £ | + h , |V0 e 



1+r 



1 + r 2 



|Ve| + 



+ 



1 + r 4 



1 + r 3 

The bound (|5.73p now follows from Proposition lC.il We estimate using (jC.ip . HLS 
and (15^1) : 



|V^e 6 ( e )| 2 < 



1 + r 



2 - l|V0 06 ( £ )lli4< ||0 b ( £ )|| 2 4 



< 



C(M)6 2 1| £ 2 1| 2 a 



(5.76) 



and (|5.74p is proved. We then compute like for f|5.63[) : 

QVMQ b {e) = Ve b (e) + QV0 0b ( £ ) + 6 6 (e)V0 Q 



09 



and estimate using (|5.29p . f|5.30|) . (|5.76p and Proposition IC.ll 



J Q\VMe b (e)\ 2 < b 2 + 



l + |logrf 2 2 l + |log 



-|V 2 e| 2 + 
1 + r 2 1 1 ^ 1 + r 4 



-|Ve| : 



|V 2 ^| 2 + | £ | 2 |V^ £ | 2 \V<Pe b (e)\- 
1 + r 6 1 + r 8 1 + r 8 



< 



b 2 C(M)\\s 2 \\ 2 L2 , 



this is (f57T5|) . 

We now estimate all corresponding terms in (|5.44p . From (|5.75p . (|4.12D : 



\(e 2 ,MCe b (e))\ 



J QV • Me 2 ■ VMQ b (e) < -L j Q\VMe 2 \ 2 + C J Q\VMQ b {e) 



Next, integrating by parts: 



|log6| : 



< b / |Vef + 



< b j (1 + r 2 ) ( |Ve| + ^U- ) Q| VMQ b (e 



I -12 



1 + r' 



Q|V7W9 6 (e) 



< 6 



C7(M)||e 2 || L 2 + 



Q |log6| 



b \\^\\L%^b-^-\\s 2 \\ L2 + ^ 



Similarily, using (|5,73|) : 
6 



Using (1577511 . (IC72|) : 



< 



&p2L 2 J|e 6 (£)|| i2 <6 || £2 || L2 + 



. 6C(M)||e a ||« 
|logb| / 



< 6 



bi 



\£2\\ L * + 



|log6|" " L o |log6| 2 ' 



< b /(l + r 2 )^) 



.2,,, ,2\" f fWe^tfY 



1 + r 2 



< 



6^ ^4 



6C(M) (|Mb+ 



< b 



1 + r 4 



< 



bC(M)[\\e 2 \\ L2 + 



Q\VMQ b (e)\ 2 
b 



Q ' |log6|/ 6||£211 ^ 



bl 



~ 6 |log6| l|e2 " L e + |log6p 
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step 12 Conclusion. Injecting the collection of bounds obtained in steps 4 
through 8 into (|5.44p yields the following preliminary estimate: 

1 d \{Me 2 ,e 2 ) ( C{M)b 3 \ 
+ U \\*\logb\2) 



< 



2dt 
1 

~2 



A 4 



Q A |VA^ A ^ 2 | 2 + 



bC(M) 



bl 



, b 3 

\logb\ l ^ L Q + |log6| 2 



We now make an essential of the precise numerology to treat the remaining (Mi 2 ,i 2 ) 
term which has the wrong sign. We multiply this identity by A 2 and obtain using 
the rough bound from (|4.30j) . (|5,3p : 



+ b 



~ llogb] 



the control: 



< 



Id f (Me 2 ,i 2 ) f C(M)b 3 \ 
2dt\ A 2 VA 2 |log6| 2 y/ 

bC{M) \ &§ „ „ b 3 



(5.77) 
(5.78) 



A 4 



|log&| 



£ 2 /2 + 



logfep 



1 

A 4 



As t 



\(Mi 2 ,i 2 )\ + ^ 



C{M)b 3 
|log6| 2 



We now develop the quadratic term and estimate using (|5.13p . (I5.14p : 

(Me 2 ,e 2 ) = (Me 2 ,e 2 ) + 2(M( 2 ,e 2 ) + (M( 2 ,( 2 ) 

' bl „ „ b 3 \ 



= (Me 2 ,e 2 ) + 
which implies the upper bound 



|log6| 



1(^2,^)1 Z\\*\\b Q + W 



\ £ 2\\ L 2 + 



b 3 



logfcp 



Injecting these bounds together with (|5,77p . (I4.9P into (|5.78p yields (|5.3ip and con- 
cludes the proof of Proposition 15.71 



6. Sharp description of the singularity formation 

We are now in position to conclude the proof of the bootstrap Proposition 14.3 
from which Theorem 11.11 easily follows. 



6.1. Closing the bootstrap. We now conclude the proof of Proposition 14.31 

Proof of Proposition ^.^ The L 1 bound (|4,lip follows from (|4.24p . The pointwise 
upper bound on b (|4.10p follows from f)5.24|> which implies b s < and the conclusion 
follows from (|5.3p . The lower bound b > follows from the bootstrap bound (|4.9p . 
Indeed, if b(s*) = 0, then e(s*) = from (@~9]) and then / u(s*) = J'Q = J u by 
conservation mass, and a contradiction follows from (|4.2p . 

It remains to close the bound (I4.12p which is the heart of the analysis, and this 
follows from the monotonicity formula (|5.7p . Indeed, we rewrite (|5.3ip using (|4.9p : 



d ^^ £2 ^ofc ( M)^-#-H<v^ TTn ^. (6.1) 



dt\ A 2 V A 2 |log6| 2 J J ~ A 4 |log6| 
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In order to integrate this between t = and t* , we first observe from (|5.3p . (|5.25p . 
(H~28l) the bounds 

\h\<J^r, \XXt + b\<C(M)-^- (6.2) 



from which: 







A 4 |log6|- 



■dt 




dt + O 



o A 4 |log6| 



-dt 



and hence using the a priori smallness of b: 



A 2 (t) 



6 4 



:dt< 



b 3 (t) 



+ 



/ A 4 |log&| 2 ~ |log&(i)| 2 
Integrating (I6.ip in time, we conclude using f|2.58[) : 



Kt)\ 2 b 3 (0) 
X(0)J |log&(0)| 2 



< 



< 



(Me 2 (t),e 2 (t)) 



(6.3) 



C{M) 



A 2 (0) 



\e 2 (0)\\* l+ VK* 



b 3 {0) 



+ VK* 



|log&(t)f 



|log&(0)| 2 

for some small enough universal constants 5{M),C{M) > independent of K* 
Moreover, (|6.2p implies 



d 



b 3 



ds [A 2 |log6| 2 
and thus (16.31) and the initialization (14.41) ensure: 



> 



(6.4) 



5(M)\\e 2 (t)\\U < C(M)VK* 



< c(m)Vk* 



xHt) 

A 2 (t) 



6 3 (0) 



+ 



6 3 (i) 



A 2 (0)|log&(0)| 2 |log^)| 2 
b 3 {0) b 3 {t) 



+ 



A 2 (0)|log&(0)| 2 |logfo(*)| 



< c{m)Vk~* - b \® <c(M)ViF h " il] 



|log&(t)| : 



|log6(i)P 



and (|4.12p follows for X* = ET*(M) large enough. This concludes the proof of 
Proposition 14.31 □ 



6.2. Sharp control of the singularity formation. We are now in position to 
conclude the proof of Theorem 11.11 



Proof of Theorem \l.l[ step 1 Let uq £ O and u £ C([0,T),£) be the corresponding 
solution to (|l.ip with lifetime < T < +oo, then the estimates of Proposition 14.31 
hold on [0, T). Observe from (I6.4p the bound 

A 2 < b 3 



from which using (|6.2p 

-AAt >b> C(uo)A3 and thus - (A*)* > C(u ) > 
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implies that \(t) touches zero in some finite time < To < +00. Note that the 
bounds of Proposition 14.31 injected into the decomposition (|4.5p ensure 

||e:(t)||#2 < 1 for < t < T and lim \\u(t)\\ H 2 = +00 

and thus from standard Cauchy theory, the solution blows up at T = Tq < +00. 
Moreover, we obtain from (|6.2p the rough bound: 

x 



< 1 and thus A(i) < VT-t, 



I A A t I 

and hence from (|4. 13p : 

s(t) — > +00 as t — >■ T. (6.5) 

step 2 Blow up speed. We now derive the sharp asymptotics at blow up time by 
reintegrating the modulation equations for (6, A) in the vicinity of blow up time or 
equivalently as s — > 00. We estimate from ([5.241) . ([4. 121) : 



b s + 



2b 2 



|logfo| 



< 



|log6| 5 



We then argue as in [33] . We multiply flESH by ™ and obtain: 



6 s log6 



-2 + 



We use 



logt lV 
t t 



to conclude after integration: 

logS + 1 



2s + 



Jlogb| 

p 

|log6| J 
logt 

" t 2 

da 
|log6| 



and thus 



b(s) 



logs 

^7 



(1 + o(l)) , log6 = loglogs — logs + 0(1). 



This finally yields the aysmptotic development near blow up time: 

b(s) 



- 1 - (logs - loglogs) + O ( - 

As \S 



We now rewrite the modulation equations for A using (j6.2|) . f)5 . 3(> : 



As 

A 



b + 



\\ogb\ 



(logs - loglogs) + O [ - 
2s \ s 



which time integration yields: 

— logA = j [(logs) 2 — 21ogsloglogs]+0(logs) = 



21oglogs 
logs 



+ 



In particular, 

y / |logAj = 

which also implies: 

e 2V|logA|+0(l) 



logs 



loglogs 
logs 



+ 



logs 



logs ' 



(6.6) 



(6.7) 



logs 
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We use these relations to rewrite the modulation equation (|6.7I) : 

-s^ = -^X\e 2 V^\+0(D XXt = ^Tj + 0(1) 

and thus 

The time integration with boundary condition A(T) = yields 



|to g (T-t)| +Q(1) 



as i 



A(i) = y/T - te 
this is (fLTTj) . 

Observe now that the chain of above estimates ensures in particular 

6(i) ^ as t ->• T 
which easily implies using Proposition [ 



IIQ-Q&llfft ->0 as t T, 



and the strong convergence (jl.lUp now follows from (|4.12|) . 
This concludes the proof of Theorem II. H 



□ 



Appendix A. Estimates for the Poisson field 

This appendix is devoted to the derivation of linear estimates, in particular for 
for the Poisson field in Hq and 8. We start with weighted H 2 type bounds: 

Lemma A.l (H 2 bound). Let p = l,2, then for all u £ V(M. 2 ), 

\x\ 2p \V 2 u\ 2 < ( |x| 2 P|Au| 2 + f |x| 2p " 2 |Vn| 2 . (A.l) 



Proof of Lemma \A.1\ We integrate by parts to compute: 

J xl p (d n u + d 22 u) 2 = I x 2p [(d n n) 2 + (d 22 u) 2 } + 2 j x 2p d n ud 22 

x 2p [(duu) 2 + (d 22 u) 2 ] - 2 J x 2p d 2 ud 2 uu 

c 2p [(d u u) 2 + (d 22 u) 2 ] + 2 J d l2 u [x 2p d 12 u + 2px 2p - 1 d 2 u 

= J x 2p [(d u n) 2 + {d 22 u f + 2{d 12 u) 2 ] - 2p(2p - 1) j x 2p - 2 {d< 

and similarly with x 2 , and (|A.1[) follows. 

We now turn to the linear control of the Poisson field: 



□ 



Lemma A. 2 (Estimates for the Poisson field). There holds the bounds on the Pois- 
son field: 

(i) General Lq bounds: 



(1 + |logr|)u|| L i + \\<f) + 



1 + | logr | 
l|V0 u || L 4 < ||u|| L 2. . 
(ii) Improved Lq bound: if moreover J u = 0, then: 

\\<l>u\\L°° ^ Mil* ! 



L°°(r>l) 



(A.2) 
(A.3) 

(A.4) 
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J W<Pu\ 2 = - j u4> u < 



Nik- 



(Hi) Energy bound: 
VI 

(iv) Decay in the energy space: VO < a < I, 



1—2 i 1—2 

vi< P <2, ||v</g| L oo < c p \\ U\\ Loo 2 ||u||^2 IMI^l 2 • 



\u(x)\ < C a 



u \s 



\V<f> u (x)\ < C a 



1 + \x\ a ' 
" u \\e 



1 + \x\ 2 

Proof of Lemma \A.2\ : Proof of (i)-(ii): By Cauchy-Schwarz: 



(A.5) 

(A.6) 

(A.7) 
(A.8) 



(1 + |logr|)Ky)| < \\u\\ l2q [1(1 + \logr\YQ ) < \\u\\ L% . 



For |x| < 1, we estimate using Cauchy-Schwarz: 



\4>u(x)\ 



< 



\x-y\<l 



\log(\x - y\)\u(y)\dy + 



\x-y\>l 



\\og\x - y\\\u(y)\dy 



< \\u\\ L2 + /(l + |log|y||)|«(2/)|<|H| £?i 



For I en I > 1, we rewrite 



4>u{x) 2~ ' " 



< / \log(\^-^)\\u(y)\dy 



< 



For the outer term, we estimate: 

\x - y\ 

'\x-y\>lf 



\log( l -^—^)\\u(y)\dy + 



\x-y\<^ 



\log( ] \-^)\\u(y)\dy. 
\x\ 



J\ X - V \>M 



[ )\Hy)\dy 



< 



\*-y\>^ 



< 



£i V \ X 

u \\l3- 



X - yliV \u(y)\iy<fUM 



\u(y)\dy 



\X\ 4 



\X\ 4 Q 



On the singularity, we estimate using a simple change of variables: 



\x-y\<^r 



|log(^-i^)||«(y)|dy < (7 ,, |log(^^)| 2 dy 



\x-v\<4 



\u(y)\ 2 dy 



< 



< 



■'• " / (logH) dz l \u(y)\ dy 



< 



\y\ 2 Hv)\ 2 dy 



and this concludes the proof of (|A.2p and (jA.4j) . 

We then estimate from the 2 dimensional Hardy-Littlewood-Sobolev and Holder: 



l|V^|| L 4 < ||7^*^||L4 < ||«|| 4 < \\u\\ L 2 \\Q\\ 
\X\ ^ v 



2 
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and (|A.3P is proved. Let a smooth cut off function x{ x ) = 1 f° r \ x \ — 1) x( x ) = 
for \x\ > 2, and Xr( x ) = then from (jA.4p : 

JxrNKI 2 = \ J &XR<t>l ~ j XRU<Pu (A.9) 

^ \\<I>u\\l°° + II^II^II^IIl 1 ^ IMIk 

with constants independent of R > 0, and hence 

J \V(/)u\ 2 <+oo. (A.10) 



Moreover, integrating by parts: 

/ |V</>„| 2 = R / 4> u d r (t) u d9 - / u</>„. 

J|a;|<_R jO J|x|<_R 

From ()A,10p . we can find a sequence R n — > oo such that 

R 2 n \ \d r <p u \ 2 

J 

and then from (jA.4^ : 



and thus 



2tt 



4>ud r (t>u 







< ll<* u k~ i? 2 / \d r 6J 2 



2tt 



/ |V0 n | 2 = lim / |V0 n | 2 = - / 

J R ^+°° J\x\<R n J 

The estimate (|A.5P now follows from ()A.4p . 

Proof of (Hi): Let 1 < p < 2, we estimate in brute force: 

l«(y)l , , f \ u (y)\ 



M y[x-j/i<ji f - y| 7|a;-j/[>fl f - 2/1 



•/|*|<R \z\ \J\z\>R \ Z \ P J R l ~7 

We optimize in R and interpolate: 

1 — E 1 — £ 1 1 — E 

1 < n II-.. II 2 IL.IIP - llL.II 2 



E 1— E 1— E 

II V(/> m ||loo < Cp||u||£ p ||u|| 



L 2 H^IlL 1 



< 



this is (|A~6|) . 

Proof of (iv): By density, it suffices to prove (IA~7)1 for u £ V(R 2 ). Let = 
Xidju)i<i t j<2, we estimate from (jA.ip with p = 2: 

J k/+ J |V^f < y (l+|x| 2 )|Vu| 2 + y (l+|x| 4 ) [(d n u) 2 + (d 22U ) 2 + (d 12 u) 2 ] 

and thus from Sobolev: 

Vp > 2, HuijIliP < \\vi,j\\ H i < \\u\\ H 2. (A. 11) 

We now recall the standard Sobolev bound, see for example [TJ: 

Vp>2, V/GP(IR 2 ), |/(x)-/(y)|<|x- 2 /| 1 -i||V/||i /P . 
We may find \a\ < 1 such that 



\f(a)\ < / \f(y)\ 2 dy 



76 P. RAPHAEL AND R. SCHWEYER 

and hence the growth estimate: 



\m\<[ / \f(y)\ 2 dy) +|x| 1 ^||V/|| LJ , 
We apply this to /j = xiu and conclude from (jA.lip . ()C4|) : Vp > 2 and i = 1, 2: 

2 \* l- 2 

\xiu\ dy +\x\ p \\V(xiu)\\ LP 



< 



lwl<i 

< [|u||ioo + + \\u\\lp] < (1 + 



and hence the decay: 



\u(x)\ 



2 

1 + X P 



which yields (|A,7p . 

Let < a < 1 and \x\ 3> 1, we estimate the Poisson field in brute force using f)A.7j> : 

|v*,(*)| < 1^=1 „P^ + f Hy)l 



X~y\ J\x-y\>\x\% \x - y\ J\ x -y\<\x\% \ X ~V\ 

< IMIl 1 , f W(y)\ < IMIl 1 _,_ \\ u h f dz 



^l 2 -'ii/i^ 1 ! 1 . i*-yi<w^ l x - y\ ~ M 2 1 + M Q ./m<m^ k 



1 + \X\ 2 

and (|A.8|) is proved. □ 

Appendix B. Hardy bounds 

We recall some standard weighted Hardy inequalities: 
Lemma B.l (Weighted Hardy inequality). There holds the Hardy bounds: 

Va > -2, / r« +2 |S r »| 2 > (2 - ° f * f r"u 2 , (B.l) 



r 2 (l + |logr|) 2 J 1 + r 4 ' 



> 



r 2 (l + |logr|) 2 ~ J (1 +r 4 )(l + |logr|) 2 J 1 + r 6 ' 

Proof of Lemma \B. II Let u G C£°(IR 2 ). We integrate by parts to estimate: 

i i 

a + 2 f n 9 f ^ r, ^ ( [ n -A 2 I [ „+•>., n ^'?\ 2 



(B.3) 



2 



and flBTTJ) follows. 

Let now 6 P(IR 2 ) and consider the radial continuous and piecewise C 1 function 

f -rrn — v for < r < 1, x 
f(r) = \ r(1 l l0Sr) for r>1 ~ ' , F{x) = f{r)* r 



then 



r(l+logr) 



{-rrrk — vi for < r < 1, 
for r>l 
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and thus: 



/ - 27TTTi h^l 2 S / V-F|V0| 2 -/ V-F|V^| 

7 r 2 (l + |logr|) 2 i^i^ J|x|>i 



< 



< 



r=l 



f\V<t>\ 2 do + / |/||V(|V<£| 2 )| 



/|V^| 2 (ia+ / |/| 2 |V</>| 



r=l 



Now by Sobolev: 



and thus 



f\V^\ 2 da 



r=l 



(|V0| 2 + |V 



2 i |2i 



<r<2 



r 2 (l + |logr|) 2 



< 



|V</>| 2 + / |A0| 2 + 



)<r<2 

which implies (|B.2[) . 

Similarily, for r > tq large enough: 

I -Jt . < 

Jr5 



r 2 (l + |logr|) 2 



' r>ro 



(l + r 4 )(l + |logr|) 2 



r>rg 



\v<f>\' 



l 



|v 



2 jl|2 



|A0| : 



< 



H 2 da + 



r=r 



(l+r3)(l + |logr|) 2 M. 

I0IIV0I 
r > ro (l+r3)(l + |logr|) 2 



and (|B.3P follows again from Cauchy Schwarz and Sobolev. 
This concludes the proof of Lemma IB. 11 



Appendix C. Interpolation bounds 

We collect in this appendix the bootstrap bounds on e which are a consequence 
of the spectral estimates of Proposition 12.81 and further interpolation estimates. 

Proposition C.l (Interpolation bounds). For i = 0, 1: 
(i) Hq bound: 

J(l + r 4 )|V 2 £| 2 + y (1 + r 2 )|Ve| 2 + f e 2 (C.l) 

(l + r 2 )H 2 <C(M)|M| 2 . (C.2) 



(ii) L°° bounds: 

1 

2 

and V0 < a < \ , 

||(l + |xr)e|| L oo + 



V0<t/<5, llV^Hioc < CH^II^, (C.3) 



(l + |z|*)V0 e (s) <S(a*). (C.4) 

L°° 
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(Hi) Hq bound with logarithmic loss: 

f (l + log(l + r)) 
(iv) L°° bound with loss: 



' V ^| 2 < llcrf 
r 2 (l + |logr|) 2 ~ 181 



+ b 



10 



1 + \x 

(v) Weighted bound with loss: 



|+r <C(M)^b^|| £2 ||^+6 10 . 



(C.5) 



(C.6) 



(C.7) 



Proof of Proposition I C. l\ Proof of (i): The estimate (jC.ip follows directly from 
(|2,58|) . (|2.6Up . our choice of orthogonality conditions (|4,6|) and (jA.ip with p = 2. 
We then estimate from the definitions (|5,3bp . (|5.37p and (jC.ip : 

/(l + r 2 )ki| 2 < |(l + r 2 )[|V e | 2 + |V0 Q | 2 | e | 2 + Q 2 |V^| 2 ] 



< Ikllla + 



< 



H Q J r 2 (l + |logr | ) 2 ~ Q 

Proof of (ii): Let p = 2(1 - 77) G [1,2), then from (|A~6|) . Sobolev, (|CH]) and the 
bootstrap bound (|4.8p : 

l|V&|| L <» <C P (M)|| £2 ||| 2 || E ||£* <^||e 2 ||^". 

Q Q 

The decay bound (|C,4p follows from the interpolation bounds (|A.7p . ()A.8p . the Hq 
bound (jC.ip and the bootstrap bounds (|4T8j) . (f^79|) . 

Proof of (Hi): The lossy bound (|C.5P follows from (|C.ip . (|C.4p with a = \. Indeed, 
let 5 = 6- 100 , then: 



< 



J (l+log(l + r)) 
( (l + log(l + r)) 

Jr<B 



r 2 (l + I logr I 
|V^| : 



r 2 (l + |logr|) 2 



+ f (l + log(l + r)) c - 

Jr>B 1 



|V0 e 



r 2 (l + |logr|) 2 



< |log&| Cl ^ 

< |log6|^( c ) 



r 2 (l + |logr|) 2 



+ 



(l + |logr|) 



c 



r>B r 2+ 2 



< 



M|r2 +6 

Q 



10 



Proof of (iv): From Sobolev: 
V0 £ 2 



1 + x 



< 



V0 £ 



1 + x 



H 2 



< 



|V0, 



1 + r 



ff2 



and ([06]) follows from ([Cl5]) . 

Proo/ of ([07]) : We use the global L 1 bound (|0]> . ([CH]) and Cauchy Schwarz to 
estimate: 



/ 1 + r 



1 \ 5 



r<6 -2o 



+ 



r>6" 



1 + r 



< C(M) v ^g^|| £2 || L2i +6 20 || £ || Ll 



and (|C,7p is proved. 



□ 
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